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0. Introduction



Average Shortest Path Length (ASPL)

Definition

« G=(V,E) : BfbfmI 50

e dist(s,4) : i-j FEIDFIIEEEE

» ASPL = ASPL(G) :== ) dist(i,j)/(g)

i£iEV

. . :: d- t . . . lx
diam(G) #mjaé)\(/ ist(i,7) : E£ZF



Average Shortest Path Length (ASPL)
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1 x 1042 x 11
AspL = 202Xy es  dlam(G) = 2
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Our Problem

Problem
min: ASPL(G)

s.t. G & nlEE d-1IERIT ST

(d-IERIY S5 7: £ETHRH =d)



Related Problems

» Order / Degree Problem

min: diam(G)

s.t. G (& nlEZ= d-1ERIT ST

» Degree / Diameter Problem
max: n (JEmzX)

FRIIDST

s.t. G (& d-1

diam(G) = D



Contributions

+ BER3DJIIDASPLICEETS LR - TR -FXZRUL (FEHE)

« BEFE30/NASPLYSJ%3K8D Local search algorithm DIRE



1. Naive Algorithm



_ocal Search
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Local Search
(Iterative First Improvement)

Switch the edges

O—0O
initial graph Select two edges
O—0O If ASPL(G’) < ASPL(G) then
/
Gl

G G
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Local Search
(Iterative First Improvemenf - it

Switch the edges

initial graph Select two edges

Q- -

G G

If ASPL(G") < ASPL(G) then
G+ G

- If G cannot be improved for any edge pairs, terminate 11



Time Complexity

[- Calculating ASPL(G) --- O(VE) = O(n?d)
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Ime Compjexity
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Time Complexity

n=J8a:&

VA S\

d = X
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[- Calculating ASPL(G) --- O(VE) = O(n?d)
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Average Shortest Path Length (ASPL)
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1 x 1042 x 11
AspL = 202Xy es  dlam(G) = 2
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ASPL Calculation

-
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Case of Diameter 3
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Time Complexity
- 4
+ ASPL(G) D5T8 - O(VE) = O(n?d)
- B 3 0IBE - O(d) B TZE% (ASPL(G') — ASPL(G))

&
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Ime Compjexity
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Ime Compjexity
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Our Target

(. FELTOISINERIEBBLEIN (n,d) (COVWTEZS
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2. Our Idea



Diameter 3 (again)
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Our goal
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Inclusion Exclusion Principle

C )
Exercise :
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Inclusion Exclusion Principle
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Bonferroni Inequality
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Bonferroni Inequality
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Key Point

MESDY A XIF
LN OHD “ "DHY AL X5

2 AT




Goal (again)
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Pairs of distance at most 2
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Pairs of distance at most 2
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Pairs of distance at most 2
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Pairs of distance at most 2
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Pairs of distance at most 2

QE%EZLX_FODI Ve

INA 1 INK?2

N\ Za DimsR N JVAb Difms
-9
T -




Pairs of distance at most 2
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Pairs of distance at most 2
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Pairs of distance at most 2
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Moore Bound

Fact (the Moore Bound)
G=(V,E): d-1E8l, n JEm, 1E4£3

nd

(Z) . ASPL(G) > 3 (;) - = —nd?

-
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ASPL Upper Bound

Theorem

G=(V,E): d-1IEl, n JAs, E1E3

(’;) . ASPL(G) < 3 (;) — nz—d — nd? + 3#{?}&#{3@}

(CO_LERERLMBEELTRZEBHFES)



ASPL Lower Bound

Theorem

G=(V,E): d-1IEl, n JAs, E1E3

(’;) . ASPL(G) = 3 (;) — % — nd? + 3#{?}&#{3:2}
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ASPL Characterization

Theorem

G=(V,E): d-1IEl, n JAs, E1E3

(Tzl) . ASPL(G) = 3 (n) N a3
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3. Proposed Algorithm



Proposed Algorithm
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Proposed Algorithm

~
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Time Complexity

(U

1

1

- T3[i][J-

K f(G") = f(G) : 0(1) BBETEHETES
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= # of i-j paths of length 2

.= # of non-backtracking i-j paths of length 3
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Switch
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Switch
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Evaluation Algorithm

G LA T DswitchlC L TESNIET 5093

O O O—0
O O O—0
5B,

f(G") = f(G) = 3( = T2a][b] — T2[c][d] + T2[a][c] + T2[b][d]
— 2(T1[a][d] + T1[b][c]))
+2( — T3[a][b] — T3[c][d] + T3[a][c] + T3[b][d]
— 2(T2a]ld] + T2[bl[c| — T1[a][d|T1[b[c]))




Proposed Local Search

f(G) = 3A +2

(Iterative First Improvement)

Switch the edges
computes

* initial graph Select two edges
- arrays (T2, T3)
-» > or

p \

GBI TESLEL G 2= TT B,

=P

If f(G') < f(G) then

G+ G
Update T2 and T'3
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PrOposed LOcaI SearCh calculation: O(1) time
(Iterative First Improvement v -

Switch the edges
* initial graph

- arrays (T2, T3) o If /(G") < f(G) then
/
-> -> or -> G+ G
Update T2 and T'3
G/

s CHEHTELLL o= T 5,

computes

Select two edges

update : O(d?) time

(occurs rarely)



Proposed Local Search JG)=an e
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Simulated Annealing

Switch the edges
comgcl.ltles h With probability
- Initlal grdp Select two edges 0—0O ’
. f(G") — f(G)
- arrays (T2, T3) O—0O) H {Lexp (‘ n ) }

-> i g -> or -> G+ G
Update T2 and T'3
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- G’ is better than G

Simulated Annealing | =~

— update may occur

Switch the edges
compllltes ith probability
- initial graph v adoc —C) £(G) - £(G)
- arrays (/ - in<1,exp | — —
2 BEN SV > random search { ( ! )}

G+ G’

BEAN/NE WV - lterative First Improvement (Z3iF L
Update T2 and T3

T Z#igc IC/PphE<< LTV,

G/
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4. Numerical Experiments



Numerical Experiments (1/2)

ASPLDFLLDFBE ZFRAR5

n nd 5
> (2) + ASPL(G) = 3 — - nd the Moore Bound

n nd ( ) f w
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n nd , ( ) ( ;
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Numerical Experiments (1/2)

(n,d) Moore {V} {i:g} [V] [V]
(4096, 60) —0.1206 0.0355 —0.0074
(4096, 64) —0.1544 0.0523 —0.0124
(10000, 60) —0.0209 0.0024 —0.0002
(10000, 64) —0.0270 0.0036 —0.0003




Numerical Experiments

(n,d) Moore {V} {i:g} [V] [VJ
(4096, 60) —0.1206 0.0355 —0.0074
(4096, 64) —0.1544 0.0523 —0.0124
(10000, 60) —0.0209 0.0024 —0.0002
(10000, 64) —0.0270 0.0036 —0.0003




Numerical Experiments (2/2)

SRR LEBNT, N\

BR3TA/N=AERBLIR (n,d) ZEALL.
> (n,d) = (10000, 60), (10000, 64)

BRI 535> H AIERIT SJEUTE,

Iterative First Improvement (IFI) & Simulated Annealing
(SA) ZLEEUI,
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Numerical Experiments (2/2)

Random IFI SA
(n,d) ASPL gap ASPL gap Time ASPL gap Time
(10000,60) | 21.3 x 1073 | 6.8 x 1073 40h 30m| 6.2 x 1073 60 days
(10000,64) | 27.7 x 1073 | 10.8 x 1073 37h 00m| 10.0 x 1073 60 days

ASPL gap = (solution ASPL - Moore Bound) / solution ASPL




Numerical Expennss

The best graphs <
in Graph Golf!!
Random IFI »
(n,d) ASPL gap ASPL gap Time fPL gap Time
(10000,60) | 21.3x 1073 | 6.8x 1073 40h 30m| 6.2 x 1073 60 days
(10000,64) | 27.7 x 1073 | 10.8 x 1073 37h 00m| 10.0 x 1073 60 days

ASPL gap = (solution ASPL - Moore Bound) / solution ASPL



5. Conclusion



Conclusion
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