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Hoare FRIBOEAR

@ 1969 &£, C.A.R Hoare i&. 7OV Z LAHDMEERICEA L TEHIE
UTHDIEXIRATDIHODNIENFEEEBAL T,

C.A. R. Hoare, An Axomatic Basis for Computer
Programming, CACM 12 (10), 1969, 576-580.
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@ Hoare Triplet

{PyS{@}

ERIRMY P ZiHET BKIC,
THTZLS ZRITTBE,
ZDRITRICIE, BFREMN Q ZWET %

TS LSHRTINIE, 7OV I LRTOHMREL T,
EHIRGEERFEEOWICL > TRREUVCERED DR
NE5N D,
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B9 é‘\im SEFRDIERUE

S = x:=e {KAX }
| S1;5 {BEX }
| if B then 5; else S, end {ifx}
|  while B do S end { while X }
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A

L DR DERE

7072 LDA: BERDEE

{N > 0}

i=1;

f:=1;

while i < N do
f = ¥
=i+l

end

{f=N1}

A RT Hoare &2



Hoare FRIBOEAR
Hoare Triplet
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Hoare a1E

o HF—FERFERIEDILEK

o 7OV ZLILHh B NIEEHHFRL
o RAXDRE
o BAXDRA
o if XDRA
o while XD#RHl
o IBHEDEA
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RAX DRI

{Qle/x]} x := e{Q}

RAN x = e DEITRICEREFZMHE Q D IIDICIFERIF
HEULTQle/x] BEEDILDRENDH B,

o
{x>9}x :=x+1{x>10}
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EEX DHEmAA

o A
{P}Si1{R} {R}%{Q}
{P} 51:5{Q}

Rt & U COEDRIIELSME {P) S1; S {Q) hEAIND I
lE. AMRE U TEUCDOWTEDRIIENYME (P S {R} &
{R} S {Q} DI DINE

o fl

{x>Ttx=x+2{x>9} {x>9}x:=x+1{x> 10}
{x>T7}x:=x+2;x:=x+1{x > 10}
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Hoare Triplet
ji

i
R E L DIERDERE

if XDARE

o A
{PAB}S1{Q} {PAN-B}S{Q}
{P}if B then S; else S; end {Q}
o
{True AN\ x <0} x:=—x{x >0} {TrueAx>0}x:=x{x>0}
{True}if x < 0 then x := —x else x := x end {x > 0}
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Hoare :REE
BB 1E 214 D FERA DIBEUE

while X DR Al

o A
{PANB}S{P}

{P} while B do S end {P A —-B}

o P: JL—TARZZAM (loop invariant)

while XOBAITIEBE BRI —TREZEEZRDIF R EN
BE (—MRICIFZFNIEFEERS BRI ETIEERW, )
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ji

41 DEEBA D ERE

I D AR A

o A
P= P {P}S{Qi} Q= Q

{P}S{Q}

o fl
{x<0}x:=—x{x>0} x>0= x>0

{x <0} x:=—x{x >0}
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2R3 1E =4 £ D EEER DB AGE

o FTEDEATHIEHMDORBPEZEZEEL LT,
topdown [A & [CEERRZ B AK

o BIRERAHAMELEDRBZEHT D726,
EDHEFRRAZHWND?

o TDIHZEDHIRELT
BOMDWELNGDIH/ERITEDLSBHD?
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{x=xNy =y}

t =X
X =Y,
y:=t

{x=yANy=x}
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BIE © FE3R DI

{x=x0ANy=yo}

t = x;
{y=»Nt=x}
X 1=y,
{X:yo/\t:XO}
y =1

{(x=yANy=x}
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{N>O}

f.=1;

while i < N do
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Hoare Triplet
Hoare i

BB IE MDA D ERUE

BlIRE : P53

{N >0}
=1
f.=1;

{1<i<N4+IAf=((-1)}
while i < N do
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B8 : PEZE

{N >0}

=1

{1<i<N4+1IALI=(i-1)}

f:=1;

{1<i<N4+IAf=((-1)}

while i < N do
{1<i<N4+IAf=((-1)IANIi<N}

f.=f*i
{1<i+1<N+IAf=(+1-1)1}
= i+1;
{1<i<N4+IANf=((-11}

end

{f = NI}
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PR : ERARRHIR

{x>0Ay >0}
t =X, b 1=y,

while t; 7’5 t, do
if 4 > t, then

t; == t1 — to;
else

tr := tr — ty;
end

end
{t1 = ged(x,y)}
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Hoare i

BB IE MDA D ERUE

PR : ERARRHIR

{x>0Ay >0}
t1 (=X, b =y,
{tl >0At >0 /\ng(X,y) = ng(tl, t2)}
while t; # t, do
if 4 > t, then

t; == tp — to;
else

tr := tr — ty;
end

end
{t1 = ged(xy)}

Hoare &2



Hoare FRIBOEAR
Hoare Triplet
Hoare R
B IE YDA DERIE

PR : ERARRHIR

{x>0Ay >0}
t1 (=X, b =y,
{tl >0At >0 /\ng(X,y) = ng(tl, t2)}
while t; # t, do
if 4 > t, then

{ti>tAti >0At>0Agcd(x,y) = ged(t1, t2)}

t; i = t; — to;
{tl >0At >0 /\ng(X,y) = ng(tl, l'2)}

else
{ti<tbAti >0At>0Agecd(x,y) = ged(t1, t2)}
tr := tr — ty;
{t1 >0Atp > 0Agcd(x,y) = ged(t1, t2)}

end

end

{t1 = ged(xy)}
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Dijkstra @ Weakest Precondition
NP's Healthiness Condition
5

Outline

g Dijkstra @ Weakest Precondition
° WP DEH
@ WP’s Healthiness Condition
o BlE
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Dijkstra @ Weakest Precondition WP DEZ
WP's Healthiness Condition
B8

Dijkstra's Weakest Precondition (WP)

o wp(S, Q): the set of initial states that guarantee termination
of S in a state satisfying Q:

P = wp(S, Q)
{P}S{Q}
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Dijkstra @ Weakest Precondition WP DEH
WP's Healthiness Condition
B8

WP DE

wp(x = e, Q) = {Qle/x]}

wp(S1; S2, Q) = wp(S1, wp(S2, Q))

wp(if B then S; else S; end, Q) = B = wp(51,Q) A
-B = wp(5, Q)

wp(while B do S end, Q) = dk:k>0.P
where

Po=—-BAQ

P = B Awp(S, Pr_1)
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Dijkstra @ Weakest Precondition WP DEZ
WP's Healthiness Condition

BlE

WP’s Healthiness Conditions

wp(S,QAR) = wp(S,Q)Awp(S,R)
wp(S,QV R) = wp(S,Q)V wp(S,R)
Wp(57ﬁQ) = —|Wp(5, Q)

wp(S, false) = false

wp(S, true) = condition for S to be terminate
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Dijkstra @ Weakest Precondition WP DEZ
WP's Healthiness Condition
BIRE

& 1

wp(x =x+1,y=y+1x=y)
= wp(x =x+1Lwp(y =y+1x=y))
wp(x =x+1,x=y+1)
x+1l=y+1
= X=Yy
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Dijkstra @ Weakest Precondition WP DEZ
WP's Healthiness Condition
BIRE

151 E 2

wp(if i = j then m:= k else j .= k end, k = j = m)
= (i=j = wp(m:=k,k=j=m)) A

(i 7] = wplj =k k =) = m))
= (i=j=k=j=k A (i#j = k=k=m)
= (i=j=k=) N({#]=k=m)
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Dijkstra @ Weakest Precondition WP DEZ
WP's Healthiness Condition
BIRE

1 %E 3

Let
W = while n# mdo S end
S = ji=j*xiiki=k+j,n:=n+1
Q = k=022 A j=im

where i # 0 and / # 1.

Po = —(n#m)AQ
= m=n A k=221 A j=m

Pi = n#mAwp(S,P)
= n—m—l/\k—’:ll/\J—/”

P. = n#mAwp(S,Pr_1)

n—m—r/\k—’,:11 AN Jj=i"
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Dijkstra @ Weakest Precondition WP DEZ
WP's Healthiness Condition
BIRE

BI=E 3(ie)

Let
W = while n# mdo S end

S = ji=jxiiki=k+jn:=n+1
Q = k=022 A j=im

where / # 0 and 7 # 1.

wp(W,Q) = 3Jr:r>0.P,
= dr:r>0.n=m—-—rAk=

:11 N ="

im
i
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Outline
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o fERREER
o KAXDEH
o X DEH
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@ While X DEH
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Hoare REBICEDCIELWI OV S LDEY

Program Construction : Calculat-
ing Implementations from Spec-
ifications, by Roland Backhouse,
ISBN: 0-470-84882-0, 352 pages,
May 2003, US $45.00
9&, 10%&E, 13%

#A T

While
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Hoare REBICEDCIELWI OV S LDEY

(ELW) 7075 LD

Given {P}, {Q}, construct a program S such that

{Pys{e}

o fHiE 1 (PYS{Q} (S i)
o EIR : SDEH
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Hoare REBICEDCIELWI OV S LDEY

While

(axEJOL

o {true} S{i=j}

o {i<5}S{i<10}

o {i+j=C}ti=i+1,5{i+j=C}

o {s=n’}S;n:=n+1{s=n?}

o {true} S{z = max(x,y)}

o {0<m=M}S{m=M+2}

o {0<N}S{s=%i|0<i<N:a[l}

o {0<N}S{s=Xi|0<i<N:a[i]*X}
(C,M,N, X [FTEE)
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KAXDEH

o MIEE Ttk {Plx:=e{Q} ZHlicT e ZHBHEE K,

o HE I P=wp(x:=e Q) ZHicTd ezBHT 5,
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Hoare REBICEDCIELWI OV S LDEY

o ik {true}i:=e{i=j}

QO wp(i=ei=j)=e=j
Q true=e=jZfiT ez KD5B,

e=j
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otk {i+j=Cli=i+1lj:=ef{i+j=C}

o B :
Q@ wp(i=i+1Lj=eit+j=C)=it+l+e=C
Q@ i+j=C=i+l+te=CEBLT erRD3,

e=j—1
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XEEXDEH

f
iy

2 g
While XDE

o [ : ft#k {P}if B then S else S; end {Q} Zi&/icT
8,51,52 %;_&Mcto

o BHAE :
Q BZEARDZ, (NEOHENNLETH D)
Q (PAB)S {Q) BT S, ERkth B,
© {(PA-B}S{Q} iy S, 2Kk 3,
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Hoare REBICEDCIELWI OV S LDEY

o ft1% : {true}if B then S; else S, end {z = max(x,y)}

o B :
Q B=x>y
Q {(x>y}Si{z=max(x,y)} ZiElcd S 2KDH %,
S$1%Zz2:=eDEIBAAXTRELRL,

{x>y}z:=e{z=max(x,y)}
= { KAXDERE }
x>y = wp(z:=e, z=max(x,y))
= { def. of wp }
x>y =e=max(x,y)
= { x>y=x=max(x,y) }
x = max(x,y) = e = max(x, y)
= { simple }
e=x

Q BERIC. {x >y} S {z=max(x,y)} ZHET S, ZKD 3,
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EEXDEY  FEDRE (1,/2)

o fIE: {0<=m=M}S{m=M =2} ZiHElcd S =ELE
Ko 2L + BEDXXRETIEWIFRL. m HMBEDEFIC
m <+ 2 = rot(m) B’EXILY B,

o fEEMDZE

< m= M A even(m) A P}
m := rot(m)
{m=M =2}
tE®ET S & PAEKRD D,

Hoare &2



P&S DEH:

QO POEH
0 < m= M A even(m) A P = wp(m := rot(m),m= M = 2)
= { def. of wp }

0<m=MAeven(m) AP = rot(m) =M =2
= { rot DMEHE }
P=m+2=M=2

Q 5 DEH  FUXDBHEZFAET %,
{0 < m= M}
if even(m) then 5] else S; end;
{0<m=MAneven(m)A\m-=+2=M -2}

SHBRNE S| & S, BEHE &,
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While XDEH

While X DEH
o [ : 4% {P} S;while Bdo T end {Q} %Zi%/cd S,B,T %

K &Ko
o HIEDMML :

{P

S;

{inv A bf > 0};

while B do
{inv Abf =C >0A B}
T;
{inv A bf < C}

end

{Q}

inv: JL— 7 AREME ; bf: bound BAE

A RT Hoare &2
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While X DEH FE

QO XOUEBEZRWT, QN5 inv, B & bf K63,
“BAinvAfb>0= Q

While X DEH

Q ROURZ /LY S ZBHT %,
{P}
S;
{inv A bf > 0};
Q ROtk Z™ILY T 28EHET %,
{inv Abf = C >0A B}

T;
{inv A bf < C}

A RT Hoare &2
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Bl - BoH =A% 3K 6 % el

o ftik:
{0 < N}
S;
while B do
T,
end
{s=Xi|0<i<N:a[il}

A RT Hoare &2
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1. @ D5 inv, B& bf 28

s=%i|0<i<N:ali
{ introduce k: 0 < k< N}
0<k<NAs=Xi|l0<i<k:a[iijnk>N

=
inv. = 0<k<NAs=%i|0<i<k:ali
B = —(k>N)
bf = N-—k

A RT Hoare &2
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i
While X DEH

{0 < N}
S;
{0<k<NAs=Xi|0<i<k:a[i]Abf >0}
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3. TOEH

{0<k<NAs=%i[0<i<k:ali]Abf=C>0AB}
T;
{0<k<NAs=Xi|0<i<k:a[li]\bf <C}

=
{0<k<NAs=Xi|0<i<k:ali]\bf =C>0AB}
T ki=k+1;
{0<k<NAs=%Zi|0<i<k:a[li]Abf <C}

=

T = s:=s+ alk]

A RT Hoare &2
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I ERNZRDDHEBEZHE TOT 7 L

{0 < N}
k:=0; s:=0
while (k < N) do

s := s+alk]; k := k+1;
end
{s=Xi|0<i<N:a[il}

A RT Hoare &2
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Coq
ETRFARe Caduceus

EIREEAAR

WRZHENICESAELL. ZOUE XA - RiE
o VAT I Coq, PVS, Isabelle, HOL, ACL2
o AB
o MEF DR . T LAYEE
o \—RD 7 DIRIE
o OV ZIVIESE  Java DBV AT LDRESMHE
o BESONIILDREHE
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ETRFARe Caduceus

o Coq IXBEBRIAZIRSCEDTESHDIAVE 2 —FDY—
ILTH B,

http://coq.inria.fr/
o AMIX Coq EHAUTEERREESTZEDF v I ULIEDT B
ENTES,

o BHFIIIHEDEERT %,

o VI MU 7 HRZERT,

o MFMRaBZIRT %o

o HEZHAEE T RELEEZ

SERAL TW<,
o EE .

Yves Bertot, Pierre Casteran, " Innteractive Theorem Proving
and Program Development”, 2004

#A T
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Coq
ETRFARe Caduceus

Coq Dl : Scottish Puzzle

A private club has the following rules:
@ Every non-scottish member wears red socks
@ Every member wears a kilt or doesn’t wear red socks
@ The married members don't go out on Sunday
@ A member goes out on Sunday if and only if he is Scottish
@ Every member who wears a kilt is Scottish and married
@ Every scottish member wears a kilt

Now, we show with Coq that these rules are so strict that no one
can be accepted.

A RT Hoare &2



Coq
ETRFARe Caduceus

Coq Dl : Scottish Puzzle

A private club has the following rules:
@ Every non-scottish member wears red socks
@ Every member wears a kilt or doesn't wear red socks
@ The married members don't go out on Sunday
@ A member goes out on Sunday if and only if he is Scottish
@ Every member who wears a kilt is Scottish and married
@ Every scottish member wears a kilt

Now, we show with Coq that these rules are so strict that no one
can be accepted.

A RT Hoare &2
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Coq Dl : Scottish Puzzle

Coqg < Section club.

Coq < Variables Scottish RedSocks WearKilt Married GoOutSunday : Pr
Scottish is assumed

RedSocks is assumed

WearKilt is assumed

Married is assumed

GoOutSunday is assumed

Cog < Hypothesis rulel : = Scottish — RedSocks.
rulel is assumed

Coq < Hypothesis rule2 : WearKilt V — RedSocks.
rule2 is assumed

A RT Hoare &2



Coq
EFBITARSE Caduceus

Coq Dl : Scottish Puzzle

Coq < Hypothesis rule3 : Married — — GoOutSunday.
rule3 is assumed

Cog < Hypothesis rule4 : GoOutSunday < Scottish.
rule4 is assumed

Coq < Hypothesis ruleb : WearKilt — Scottish A Married.
ruleb is assumed

Coq < Hypothesis rule6 : Scottish — WearKilt.
ruleb is assumed

A RT Hoare FmiE
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ETRFARe Caduceus

Coq Dl : Scottish Puzzle

Coq < Lemma NoMember : False.
1 subgoal

Scottish : Prop

RedSocks : Prop

WearKilt : Prop

Married : Prop

GoOutSunday : Prop

rulel : — Scottish — RedSocks
rule?2 : WearKilt V = RedSocks
rule3 : Married — — GoOutSunday
rule4 : GoOutSunday < Scottish
ruleb : WearKilt — Scottish A Married
rule6 : Scottish — WearKilt

A RT Hoare &2
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Coq Dl : Scottish Puzzle

Coqg < tauto.
Proof completed.

Cog < Qed.
tauto.
NoMember is defined

A RT Hoare &2
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Caduceus

o C7OY S LMD - RALY —ILTH B,

http://caduceus.Iri.fr/

o CT7AY S LADKREANS Coq THRILY Sz HEINICER
9%,

A RT Hoare &2
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Caduceus @

/%@ predicate is_min(int t[],int n,int min) {
@ (\forall int i; 0 <= i < n => min <= t[i]) &&
@ (\exists int i; 0 <= i < n && min == t[i])
e}
Q@x/

/%@ requires n > 0 && \valid_range(t,0,n)
@ ensures is_min(t,n,\result)
ox/

int min(int t[],int n) {
int i;
int tmp = t[0];
/*@ invariant 1 <= i <= n && is_min(t,i,tmp)
@ variant n-i
ox/
for (i=1 ; i < n; i++) {
if (t[i] < tmp) tmp = t[il;

return tmp;




Coq
ETRFARe Caduceus

Caduceus D4R

Require Export max_spec_why.

(* Why obligation from file "max.c", line 1, characters 16-97: )
(#Why goal*) Lemma max_impl_po_1 :
forall (x: Z),
forall (y: Z),
forall (HW_1: x > y),
(* File "max.c", line 1, characters 15-96 *) ((x >= x /\ x >=y) /\
(forall (z:2), (z >=x /\ z >y -> 2z > x))).
Proof.
intuition.
(* FILL PROOF HERE *)
Save.

(* Why obligation from file "max.c", line 1, characters 16-97: %)
(*Why goal*) Lemma max_impl_po_2 :
forall (x: 2),
forall (y: 2),
forall (HW_2: x <=y),
(x File "max.c", line 1, characters 15-96 *) ((y >=x /\ y >=y) /\
(forall (z:2), (z>=x /\ z>y >z > y))).
Proof.
intuition.
(x FILL PROOF HERE *)
Save.




i
&
Q
©
[}
ag




EEEE

Ml : 707 2 LAEHME DR
ROKIA% AL &

{x >0}

Z=Y,s

u:= x-1;

while u # 0 do
zZ 1= z+Yy,
u:=u-l

end

{x>0ANz=xx*y}

EVh  ROI—TARZEHEZFAHT %,

x>0 AN0<u<x AN xxy=z4+uxy
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EEEE

g2 7O 5 LDEH

ROLKZHIcT TAT I L28HE L,
Q {i<5}i:=e{i<10}
Q {s=n}s:=e;n:=n+1{s=n}
Q {0< N}S;while Bdo Tend{s=%i|0<i<N:a[i]*X}

A RT Hoare &2



BAREERICDWT

o BRH ' 2008/7/28 8:30-10:00
o A7 KR, Bl /—hZHBLEAATH OK

CHAhHBOMNESTTNVWE U,

PT—hDHBADOEENLET,
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