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ACGs and AFLs

T heorem.

The string languages generated by ACGs (Abstract
Categorial Grammars) form a full AFL (Abstract
Families of Languages).

The string languages generated by lexicalized ACGs
form an AFL.

Why is this interesting?

e Not entirely obvious.

e An application of Curry-style type assignment
system.

e Hopefully useful.

e Suggests machine models for ACGSs.
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AFLs and full AFLs

A family of languages is a full AFL if it is closed under

e union (U), concatenation (-), Kleene closure (*);
e homomorphism (h);
e inverse homomorphism (h™1):

e intersection with regular sets (NKR)
A family of languages is an AFL if it is closed under

e union (U), concatenation (-), positive closure ("):
e c-free homomorphism (e-free h);
e inverse homomorphism (h™1):

e intersection with regular sets (NR)
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Examples of (full) AFLs

T he following families are full AFLs.

® regular sets, context-free languages, r.e. sets
e indexed languages
® |inear indexed languages

e (parallel) multiple context-free languages
The following families are AFLs.

® context-sensitive languages, recursive sets
e c-free context-free languages
e NP

PTIME is not an AFL unless P = NP.




AFLsS and automata

Many types of grammars known to generate full AFLs

have a corresponding type of nondeterministic
acceptor.



AFLsS and automata

Many types of grammars known to generate full AFLs
have a corresponding type of nondeterministic
acceptor.

Closure under regular operations (U, -, ) is easy to
prove in such cases.



AFLsS and automata

Many types of grammars known to generate full AFLs
have a corresponding type of nondeterministic
acceptor.

Closure under regular operations (U, -, ) is easy to
prove in such cases.

Fact.

A family of languages is closed under h, ™! NR iff it
IS closed under finite transductions.



AFLsS and automata

Many types of grammars known to generate full AFLs
have a corresponding type of nondeterministic
acceptor.

Closure under regular operations (U, -, ) is easy to
prove in such cases.

Fact.
A family of languages is closed under h, ™! NR iff it

IS closed under finite transductions.

Theorem (Ginsburg and Greibach 1969).
Full AFLs are exactly characterized by abstract
families of acceptors.
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The languages of ACGs form a full AFL

Closure under regular operations is easy to prove.

We prove closure under h, h~! NR, using some
technical properties of the Curry-style type assignment
system \—.
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Type assignment system A\—y

> = (A, C, 1): higher-order signature
Write M, N, P, ... for A-terms.

Fs c:T1(C) X:ably x: o

[M(x:a)° ks M0 [Fs M:a— 38 AFy N:o
[y A XM a0 — (3 [,AFs MN: (3

Z = (0,0): lexicon from 21 to >

-5, 0(c) to(Ti(c))
6(c): a closed linear A\-term built upon 2.

Write |M|s for the B-normal form of M.
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Properties of lexicons

B-reduction commutes with lexicons:
M —g M implies Z(M) —g Z(M).
Typing judgments are preserved under lexicons:
[Fy, M:a implies Z([)Fs, £(M): ZL(a).

If £ = (01,01) is a lexicon from 21 to >» and
£ = (02, 05) is a lexicon from ¥» to X3, then

9%2021 T <O’200’1,92091>

is a lexicon from 2.1 to 2_3.
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Important facts about \—y

Subject Reduction Theorem.
If 'y M:oand M —g M, then [ s M’ : c.

Subject Expansion Theorem.

If 'y M':a and M —g M’ by non-erasing
non-duplicating B-reduction, then [ Fy M : .
(A special case: M linear.)

Uniqueness T heorem.
If Mis a Al-term and [ vy M : a, then there is a
unique A—sy-deduction of this judgment.

Principal Pair T heorem.
If = M : o then there is a most general such ([, o)
(called a principal pair for M).



ACGs for string languages

Let ¥ = (X1,25,.Z,s) where

> 1 = (A1, C1, 1),
> > = ({{o}, Co, 10),
s € Ay,
T>(a) = o0— o0 forall ae€ (o,
<L = {0,9),

o(s) = o0 — o.



ACGs for string languages

Let ¥ = (X1,25,.Z,s) where

21 = (A1, C1, 1),

> > = ({{o}, Co, 10),
s € A,
T>(a) = o0— o0 forall ae€ (o,
<L = {0,9),

o(s) = o0 — o.

O — 0 is the type of string.



ACGs for string languages

Let ¥ = (X1,25,.Z,s) where

21 = (A1, C1, 1),

ZQ — <{O}, CQ, ’7'2>,
s € A1,

T>(a) = o0— o0 forall ae€ (o,

Z = (o, 0),

o(s) = o0 — o.

O — 0 is the type of string.

For ai,..., an € Co, /ai...an/ stands for
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Closure under h

Let h: C5 — C5 be a homomorphism, and define

>3 = ({0}, C3, 13),
T73(b) = 0o — o0 for all b € Cs,
Zn = (id, ) lexicon from ¥, to ¥ 3,
6n(a) = /h(a)/ for all a € Co.
Let
G =(X1,23, ZLpo0 L, s).
Then

O(“Gh) = 1/hw)/ | /w/ € O(¥) }.
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Closure under NR

Let M = (Co,Q,0,q,,{gr}) be an NFA without
e-transitions with just one final state.

Define a signature >, = (Q, Cpy, Tm) by

Cvy=4{a79aeCyand red(q, a)}l,

™m(@ 7 =r—qg forall a9 ¢ Cy.
Define a lexicon % = (02, 62) from X, to > > by

o>(q) =0 forall g € Q,

B>(a"79) =a forall a9 e Cy.

We have Fy, N : qgr — q; iff £2(N) =g, /w/ for some
we L(M).
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Closure under "R (continued)

Define another signature > ~r = (Anr, CAr, TNR) bY

Ar=1{pP° | peABE T(Q) LB =L/p)}

Car ={dicnpy | c€Ci,NeN(Xum).B e T(Q),
Fs, N: B, Z5(N) = Z(c),
Z>(B) = ZL(11(c)) }.

Tar(dic npy) = anti(71(c), B)

where

anti(a1 — ap, B1 — B2) = anti(a1, B1) — anti(ao, B>)

anti(p, B) = p°
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Closure under "R (continued)

Tnr(dic.npy) = anti(T1(c), B) is always defined and is a
most specific common anti-instance of 71(c) and (.

Define a lexicon £ = (01,61) from > ~r to 21 and a
lexicon Ly = (opm, Opm) from ZAr to Xy

o1(pP) = p for all pP € Ang,
91(d<C,N,5>) = ¢ for all d(c,N,,B’) c Chr,

O'M(,DB) — (B for all PP € Anp,
QM(d<c,N,6>) = N for all d(c,N,B) - CﬂR.
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Closure under "R (continued)

Define an ACG Yr = (X AR, 22,779, LHR) by

ZAr = (0AR. ONR).

onr(PP) = ZL(p) for all p € Ang,
9(‘]R(d<c’/\/’ﬁ>) = Z(c) for all d(c,N,ﬁ) c Chr.

Lemma.

Lr =L 0o, Znr =220 2y



Closure under "R (continued)

A
Fy, ¢ Ti(c) > by L(c) : ZL(11(c))
9%1 0%2
ZAR
=y p dieng tanti(Ti(c), B) > by, N:B

2L
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Lemma. O(9%-r) CO¥“)N{/w/|weL(M)}.

Proof.
Suppose /a1 ...an/ € O(%r). Let P € A(¥%r) be
such that Z(P) -3 /a1 ...an/. Since

we have

so Z1(P) € A(9).

(1)
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Lemma. O(9%-r) CO¥“)N{/w/|weL(M)}.

Proof.

Suppose /a1 ...an/ € O(%r). Let P € A(¥%r) be
such that Z(P) -3 /a1 ...an/. Since

I_ZmR P : SqF_>q/,
we have
I_Z1 gl(P) . S,
so Z1(P) € A(9).
Since L (L1 (P)) = LAr(P), /a1...an) € O(9).

(1)
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From (1), we also get

sy <ZMm(P) 1 gF — qy. (2)

Since £5(ZLv(P)) = ZLAr(P) —p /a1 ...an/, it follows
that ggﬂg/w(P)b) = /ai...an/.

Hence | Z(P)|g must be of the form
Az.at (. (a7 z)...). From (2), by the Subject
Reduction Theorem, we obtain

e, Azaat (L (a7 z) ) g — gy

This can only be if g1 = q), rh = qF, and r;, = g, for
1 <i/<n-—1. Since r; € §(q,, a;), this implies that
ai...an € L(M).
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Lemma. O(¥Y)NL(M) C O(¥%+r).

Proof.
Suppose /ai...an/ € O(¥) and a1...a, € L(M).

Let P € A(¥) be such that Z(P) —g /a1 ...an/.

Let 1,42, ..., dn+1 be such that q1 = q;, gn+1 = gF,
and gj+1 € 6(q;, a;) for 1 < < n.
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For 1 </ < m, let N/ be a constant-free linear A-term
with FV(N?) C {x1, ..., Xp} such that

Nilai/x1, ..., an/xn] = ZL(c;)) forl<i<n,
PN, ..., Nl =g Az.xi(. .. (xa2) .. .).

For 1 <i<n,let N;=N[a?7"/x, ..., agr I I x),
so that
Z>(Nj) = ZL(ci). (3)
Then
PNy, ..., Nm] =g Az.af2 7 (... (adr+179z) )

by a non-erasing non-duplicating B-reduction.
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Since

I_ZM Az.afz_“’l(. . (a,‘,,’”+1_>q”z) C ) . drF — qy,

we get

by the Subject Expansion T heorem.

Let A be the unique A—y,  -deduction of this
judgment. A contains a subdeduction A; of

s, Ni: B

for some B, € T (Ay), for 1 < < m.

(4)
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It is easy to see that applying the lexicon %> to each
step of A gives a A—y,-deduction A’ of

-, P[Z (1), ..., L(cm)]:0— o.

Since P'[Z(c1), ..., ZL(cm)] = Z(P), we see that £
maps A, to the unique A—y -deduction of

|—22 g(C,‘) : g(Tl(C,')).
It follows that

Z5(Bi) = Z(11(ci)). (5)

By (3), (4), and (5),

d<C/,/\//,ﬁ/> € CnR-



We have



We have

Let Thr(dic n.3y) =i for i=1,..., m. By the
definition of TR,

(Y1, ., Ym, STF)

IS @ Mmost specific common anti-instance of

B1,..., Bm.qrF — q;) and {(T1(c1),..., T1(Cm), S).



By the Principal Pair Theorem, it follows that



By the Principal Pair Theorem, it follows that



By the Principal Pair Theorem, it follows that

and hence
l_ZﬂR P,[d<C1,N1”81> ..... d<Cm,Nm,,3m>] :SqF_>CII_
Therefore, P'[dic, n, By - - - Adicy N Boy] € A(ZAR)-

= Z(P)
3 /81...an/.



This proves /a1 ...an/ € O(Y%Ar).



This proves /a1 ...an/ € O(Y%Ar).
Theorem. O(Y%r) =0(¥“)N{/w/|weL(M)}.
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Closure under h—!

Lemma.
The string languages of ACGs are closed under
substitution.

a— O(Y)

Fact.

If a family of languages includes the regular sets and is
closed under substitution and NR, then it is closed
under h—1.
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ACGSs give rise to full AFLs

T heorem.
The string languages of ACGs form a full AFL.

T heorem.
The string languages of ACGs in G(m, n) (m > 2)
form a full AFL.
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Lexicalized ACGS

Lemma.
The string languages of lexicalized ACGs are closed
under substitution.

Fact.

If a family of e-free languages includes the e-free
regular sets and is closed under substitution, NR, and
k-limited erasing, then it is closed under h—!.

Lemma.
The string languages of lexicalized ACGs are closed
under k-limited erasing.

T heorem.
The string languages of lexicalized ACGs form an AFL.



