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Background: 2D Frame Field &Quad Meshing

Å2D Frame Field
ċ Auto-computed

ÅUV Parameterization
ċ Auto-computed

Mixed-Integer Quadrangulation [Bommes,Zimmer,Kobbelt,SIGGRAPH09]

2D Frame Field UV Parameterization

= Quad Mesh
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Background: 3D Frame Field & Hex Meshing

CubeCover - Parameterization of 3D Volumes [Nieser,Reitebuch,Polthier,SGP11]

òMeta-Meshó to define 

3D Frame Field

UVW Parameterization

= Hex Mesh

Å3D Frame Field
ċ Heuristic

ÅUVW Parameterization
ċ Auto-computed
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Distance between 3D Frames

ÅIntegral over an entire sphere Č Spherical Harmonics!
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Representing 3D frames using SH coeffs
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Representing Ὑusing ZYZ Euler angles
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Rotation about Z axis by 
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Č use Computer Algebra Systems (CAS): Mathematica, Maple, Sage
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ώ ÓÉÎ—ÓÉÎ‰
ᾀ ÃÏÓ—

Deriving Ὑ  & Ὑ https://en.wikipedia.org/wiki/Table_of_spherical_

harmonics#Real_spherical_harmonics

https://en.wikipedia.org/wiki/Table_of_spherical_harmonics#Real_spherical_harmonics


Sage code (https:// cloud.sagemath.com)
Y4_4(x,y,z) = 3/4*sqrt(35/pi)*x*y*(x^2 - y^2)
Y4_3(x,y,z) = 3/4*sqrt(35/(2*pi))*(3*x^2 - y^2)*y*z
Y4_2(x,y,z) = 3/4*sqrt(5/pi)*x*y*(7*z^2 - 1)
Y4_1(x,y,z) = 3/4*sqrt(5/(2*pi))*y*z*(7*z^2 - 3)
Y40(x,y,z) = 3/16*sqrt(1/pi)*(35*z^4 - 30*z^2 + 3)
Y41(x,y,z) = 3/4*sqrt(5/(2*pi))*x*z*(7*z^2 - 3)
Y42(x,y,z) = 3/8*sqrt(5/pi)*(x^2 - y^2)*(7*z^2 - 1)
Y43(x,y,z) = 3/4*sqrt(35/(2*pi))*(x^2 - 3*y^2)*x*z
Y44(x,y,z) = 3/16*sqrt(35/pi)*(x^2*(x^2 - 3*y^2) - y^2*(3*x^2 - y^2))

Y4 = [Y4_4, Y4_3, Y4_2, Y4_1, Y40, Y41, Y42, Y43, Y44]

for i in range(9):
v = []
for j in range(9):

Si(theta, phi) = Y4[i](sin(theta)*cos(phi+a), sin(theta)*sin(phi+a), cos(theta))
Sj(theta, phi) = Y4[j](sin(theta)*cos(phi), sin(theta)*sin(phi), cos(theta))
v.append(integral(Si(theta, phi) * Sj(theta, phi) * sin(theta), theta, 0, pi).integrate(phi, 0, 2*pi))

print v

for i in range(9):
v = []
for j in range(9):

Si(theta, phi) = Y4[i](sin(theta)*cos(phi), - cos(theta), sin(theta)*sin(phi))
Sj(theta, phi) = Y4[j](sin(theta)*cos(phi), sin(theta)*sin(phi), cos(theta))
v.append(integral(Si(theta, phi) * Sj(theta, phi) * sin(theta), theta, 0, pi).integrate(phi, 0, 2*pi))

print v

https://cloud.sagemath.com/


Matrices written down
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Going between ZYZ (3D) ė SH (9D)

ÅZYZ Č SH

ÅSH Č ZYZ

ÅMinimize Ὁȟȟ using Conjugate Gradient
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Toy example: interpolating two frames

11

Ἦ Ἦȟȟ
 υσʐ
 φπʐ
 συφʐ

Ἦ Ἦȟȟ
 ρφπʐ
 τσʐ
 ςʐ

ȟȟ ὥὶὫÍÉÎ
ȟȟ ᴙɴ

ρ ὸἮ ὸἮ Ἦȟȟ

ὸ π ὸ ρ



Real examples with tetrahedral meshes
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