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ABSTRACT

A clear and complete proofl of strong normalization of second arder natural deduction with permutative con-
versions 1s given by using Prawitz’s strong validity. This paper completes Prawitz’s ariginal proof.
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1 Introduction

Permutative conversions transform a prool with a disjunction or existential quantification elimination rule
followed by an elimination rule into a proof with the second rle in the minor deduction of the frst rule
[14, 21]. Permutiative conversions are indispensable for normalizing a proof in a natural deduction system with
disjunction or existential quantification. Without permutative conversions, a normal proof fails to hawve the
subformula property, becanse there may exist an introduction rule of a logical symbol in a minor deduction of
a disjunction or existential quantification elimination rule followed by the elimination rule of the same logical
symbaol, which may break the sublormla property.

Strong normalization property is important. First it implies weak normalization property, which proves the
subformula property and consistency [14, 21]. In particular, weak normalization of a second order system has
been ofien proved through showing its strong normalization [5, 6]. Secondly, when we consider proof normal-
ization as computation by the proofs-as-programs paradigm [8], sirong normalization guaraniees termination of
programs. Thirdly, it is itsell an interesting combinatorial problem in mathematics.

Sewveral papers have studied strong normalization of systems with or without permutative conversions. We
summarize them in Table 1. Strong normalization of second order natural deduction with disjunction, existential

Table 1: Strong Normalization Results for Permutative Conversions

Logical systems Permutative Clonversions Technicques and references

second order v, 3, 3* strong validity [15]
inductive definitions [13]

second order v, 3 saturated sets [19]

second order no reducibility [5, @]

first order W, 3 strong validity [10, 20]

ivpe theory ITT | X (weak permmutative conversions) | (ad hoe) [18]

first order W C'PS translation [3]
inductive definitions [2, 9]

quantification, and their commutative conversions is proved in [15, 12]. Strong normalization of second order
natural deduction with disjunction, first-order existential quantification, and their commutative conversions
is proved in [19]. Sirong normalization of second order natural deduction with disjunction and existential
quantification without their commmtative conversions is proved in [5, 6]. Strong normalization of the negative
fragment of second order natural deduction is discussed in [4, 7, 11, 20, 21]. Strong normalization of first order
natural deduction with disjunction, existential quantification, and their commutative conversions is proved in
[10, 20]. Sirong normalization of a tyvpe theory with IT tyvpes, ® types, and their weak permutative conversions
is proved in [18]. Strong normalization of propositional natural deduction with disjunction and commutative
conversions is proved in [3, 2, 9].

We will prove strong normalization of second order intuitionistic natural deduction with permutative conver-
sions by using Prawiiz’s strong validity. This paper compleies Prawitz's original proof given in [15].

By Curry-Howard isomorphism [8], a second order logical system corresponds to a funciional programming
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language with polymorphic types and abstract data types. Second order universal quantification gives poly-
morphic tyvpes [16]. Second order existential quantification gives absiract data tvpes [13]. Disjunciion gives
if-then-else statements. Then permutative conversions gives program transformation for if-then-else statements
and absiract data types. Strong normalization of a second order system with permutative conversions gives
termination of programs written in those programming languages.

In the opinion of one of the leading anthorities on normalization, [15] described a correct proof which however
needed some supplementary details in order to be complete. Maoreover, we will give counterexamples to Theorem
2.2.1 in Page 302 of [15], which is a key of his proof. [15] also gave a proof of sirong normalization for first order
natural deduction with permutative conversions. Several proofs [10, 20, 21] have been written to complete his
proof for a first order system. Nonetheless, we have not seen any paper written to complete his proof for a second
order system. Until very recently the proof in [12] was written with a completely different idea using inductive
definitions of strongly normalizable terms, the proof for a second order system with permutative conversions
had been only that given in [15]. The main contribution of this paper is completing Prawitz's original proof for
a second order system.

Section 2 gives the definition of second arder natural deduction with permutative conversions. Counterexam-
ples to Prawitz’s original proofl are discussed in Section 3. Section 4 proves the strong normalization by using
Prawitz’s strong validity.

2 Second order natural deduetion V.J°

In this paper, we call the second order intuitionistic natural deduction with permutative conversions the
systern NJ?. Tt has disjunction, first-order and second-order existential quantification and their permutative
conversions. We will give the definition of the system NJ2.

Below we will give the list of axioms and inference rules for NJ? together with a standard assignment of the
second order A-terms by Curry-Howard isomorphism. The system of reductions is also standard and includes
permutative conversions for v, 3, 3%,

Definition 2.1 (Language) We have the following symbols:

First order variables =, y, =, ...,

Function symbals f,g,...,

Predicate variables X, Y,

Predicate symbols g, 7, .. ..

We suppose each of function symbols, predicate variables, and predicate symbols has a fixed arity. We will
sometimes write X fo denote the arity n of X. A sequence ey, ..., e, of expressions is ofien writien as ¢,

Firsi order terms, formulas, and absiraciion terms are defined as [ollows:

Firsi order terms {,5,... 1= .1|_,I"f_:

Formulas A, B,C, D,... == L|qi]X{]A = B|A & BlveA|A vV B[z AW A|IX A,

Absiraction terms T = X|g|AZ AL

Each abstraction term has a fixed arity. The arity of Ary .. ox, 04 15 1L

We have term variables wt, o w0, . where ' and u® are distinct when A is not B.

We will alsa call a formula a type.

Definition 2.2 (Substitution) Substitutions s[r == {[,A[z := 1], Tz == 1], A[X = 'T], and TY[X := T are

defined in a familiar way. Simulianeous substitutions such as s[zy == ty,...,5, = fn are also dvﬁnvd n a
standard way. They will be sametimes written using the vector notation such as s[# == 1].
We suppoase that for a formula A, (AF.A){ s identical to . A[F f_] Note that for a term M, (AZ.M) will not

be identical to M[F = 1].
Terms and their typing rules are defined as follows.

Definition 2.3 (Terms and typing rules)

Assumption
1.4
Inference rules
[t - A]
M:R M:A=B N:A
— (=T :
e Asg MN:B (=E)
M:4 N:B M:AL B _HLJ?
- . . - l‘-\.-r e — l' I. I [
{(M,NYy: AL B (&7) Mpp - A (&E1) .'l! P1 (LF2)
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M:-A4

( M :¥rAd
Ar. M WrA

Mtz Alr == 1] (VE)

vI)

M:-A
(0, My"™WE . AV R

AM:RB M:AVB N:(C L::t‘“‘
VIl Vi E
(vi1) {1,AY"VB : Ay B (v12) (M,N,L)ya 5 : C (VE)

[u : Al

M Alr = 1] arn M:3zA4 N:C

(AE) # (LE)

(t, M) - 3p 4 (M, N pa : C R |
M:A a M:¥XA ar
awarvxa D oy =1 V)
[t : A]
M:AX =T] _ CAYA NGO
ay 1 (325 M : 3.1'_1 N:C (32E)
(T, AY3¥4 . 3x A (M,N)xua:C

The rules (¥I), (3E), (v*1), and (I*E) have a standard condition for variables.
Tyvpe superscripis in u"",{l:l, .'lf}""""'B, {1, .'lf}""""'B, {1, .1!}3"'"', and {T, .1!}3"‘ A will be sometimes omitied to save
notation.

We will use M, N, L, K, P,(} to denote terms.

Substitutions Mz := (], M[ir' := N] and M[X := T] and their simultancous substitutions are defined in a
standard way.

Definition 2.4 {Reductions) We define the relation M — N for terms M and N in the following way.
3 ronversions:

[ [3==] (Ao MR = Mo = 1] (evis zutor X, and Ris{, N, or T respectively.)

(F&1) {(M,Npg = M

(38 2) {M,Np = N

(3w 1) ({0, MY, N,L)ya o = N[u? := M)

(3w 2) ({1, MY, N, L) a5 — L[pP = M

(3] ({R, MY, N), ya = N[ == R,u == M] (rvis o or X, and i is1 or T respectively.)

Permutative conversions:
() (M, Ny yall = (M, NR), ,a (s 4,0, T po, p1,or pe. |
(r3d) (M N)quas Llgus = (M (N, L)z s )aua
[ w3V (M, N)qpa, Ly, f;g]“_IEII“E — (M, (N, Ly, f;g]“_lﬂlufjnlu.ﬂ.
() (M,N,L)ya o= (M, NR,LR),a 5 (1= 4,0, T po, pr, o pe. |
(w3 ((M,N,L)ya 5, K], 0 = (M, (N,K), o, (LK), o ]u{‘.uE

1
(7VV)  (M,N, L)y o, K, K)o uo = (M (N, Koy K)o uo, (B, K1y Ka)ye u0)ya o8
where o 1s > or X and 3 is yor V.
Congruence.
(rongr) M = A’
if W isa subterm of M, ¥ — N’ holds, and M is obtained from A by replacing one ocourrence of N by V.
We will say that M reduces to N if M — N holds. The relation —* is defined as the reflexive transitive
closure of the relation —. We will write M —. N if M reduces to N by using only the permutative conversions
and the congruence. The relation =2 is the reflexive transitive closure of the relation = .

Remark. (1) Subject reduction property and Church Rosser property hold.
(2) We will not treat L reductions according to [15].
A term M is strongly normalizable if there is no infinite reduction sequence
M= M =M — ...
beginning with M.

Theorem 2.5 (Strong normalization) Frery term of the system NJ? is strongly normalizable.
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Section 4 will prove this theorem by using Prawiiz’s sirong validity [15].

3 Counterexamples

The notions such as reducibility [3, 6], saturated sets [1, 17], and strong validity [15], which are defined by
induction on types for first order systems, have difficulty when we try to extend them to a second order system in
a naive way. Reducibility candidates technique used in [3, 6] solved this kind of problem by using an assignment
to second order variables.

In [15], first the notion of sirong validity was defined for a first order syvstem, then he iried to extend it to a
second order system by using the notion of the assignment defined in Page 300. This would be a key to treat
a second order system. Howewver, this notion cannot work because Theorem 2.2.1 in Page 302 of the paper has
the counterexamples we will give later in this section.

Page 300 of [15] defines A as an assignment that assigns a regular set to an oceurrence of a second order
term in a formula. It says that different occurrences of the same second arder term may be assigned different
sets, and this is emphasized by the additional explanation given in the footnote. Page 301 defines the notion: a
derivation IT is sirongly valid relative A, To define it, the definition A.3.2.1 of strong validity given for the first
order system is extended to the notion of strong validity relative an assignment for the second order system. The
introduction rule consists of the conclusion A and some assumptions of immediate subformulas of A, When the
definitions A.3.2.1.1-3 of strong validity for the introduction rules are extended to the second order system, to
define a strongly valid derivation of the conclusion A relative A, he uses sirongly valid derivations of immediate
subformulas of A relative A where A is obtained from A by stating that A™ is to assign to an ocourrence
of a second order term in the immediate subformulas of A4 in question the same value that N assigns io the
corresponding accurrence in A, However, this feature causes the following counterexample to the theorem 2.2.1.

Let SN be the set of strongly normalizing derivations. Note that SN is regular.

We summarize facts on his definitions of strong walidity. We will use only those from his definitions to
construct counterexamples. This interpretation of his book 1s plansible since at least these facts are clearly
stated there, though other parts of his discussions may be ambignuous.

Facts. (1) (By A.3.2.1.2 and Page 301 in [15]) Suppose IT is of the form

[A]
-
_B
A=B
Then IT is strongly valid relative A, if and only if for any derivation X of A which is strongly valid relative N,
the derivation
i

A

T

B
is strongly valid relative A5, where the assignment A is defined as an assignment that maps an occurrence of
a second order term T in A to a regular set N when A maps the corresponding occurrence of T'in A —= B to
N, and the assignment A% is defined as an assignment that maps an occurrence of a second order term T in B
o a regular set WV when N maps the corresponding occurrence of Tin A = B o V.

(=1)

(2) (By A2.1.2.1 in [15]) Suppose ITis of the form
Alr == 1]
— (AT
Az AN (AT)

and the occurrence of the second order term Az.A is in the domain of A, Then IT is sirongly valid relative A,

if and only if TT is in N Ax.A).

Proposition 3.1 Lel P be a O-place predicale constant. Let T be the derivation
[F]
P=P
Let N be the assignment that maps the first occurrence of P oin P = P o SN and the second oceurrence of P
in P = P to the empty set. Then 11 is not strongly valid relative N

Proof. By the definition of strong validity given in Pages 291 and 301, the claim that TT is strongly wvalid
relative N is equivalent to the claim that for every derivaiion  of P that is strongly valid relative A7, the
derivation ¥ is strongly valid relative A5, By the definition given in Page 301 extending the definition A.3.2.1.2
io the second order system, N7 maps the conclusion P of X to SN since this occurrence of P comes from ihe
first occurrence of P in P = P, while A5 maps the conclusion P of ¥ to the empiy set since this ocourrence
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of P comes from the second occurrence of P in P — P. Hence the claim that 1T is sirongly valid relative A is
equivalent to the claim that for every derivation X of P in SN, the derivation X is in the empiy set. The latter
claim does not hold, so TT is not strongly valid relative A7, O

Counterexample 1. Apply the theorem 2.1.1 in [15] to the derivation IT and the assignment A given in
Proposition 3.1. We do not have any individual variables, second order parameters, nor open assumptions in
I1. 11 should be strongly valid relative A” according to that theorem. On the other hand, IT is not strongly walid
relative A by Proposition 3.1. Henee the theorem 2.1.1 does not hold. O

Page 300 of [15] defines an assignment as a mapping that maps not only a second order variable but also a
second order term to a regular set. According to this definition, the second order term Az A can be assigned
some regular set independent of A. This feature canses another counterexample as follows.

Proposition 3.2 Lel P be a I-place predicale constant, 0 be an individual constant, @ be an individual variable,
and I1 be the derivation
[P0]

(Ax Px)0
PO — (Az.Px)0
Let the asstgnment N be the mapping that maps P to SN and Ax.Px to the empty set. Then T is not strongly
valid relative N,

Proof. By the definition of strong validity given in Pages 291 and 301, the claim that TT is strongly wvalid
relative N is equivalent to the claim that for every derivation © of PO that is strongly valid relative A, ihe
derivation IT

p2}
PO
[ Az Pr)0
is strongly valid relative A Hence the claim that TT is strongly valid relative A is equivalent to ithe claim that
for every derivation X of PO in SN, the derivation TT' is in the empiy sei. The latter claim does not hold, so TT
is not sirongly valid relative A7 O

Counterexample 2. Apply the theorem 2.1.1 in [15] to the derivation IT and the assignment A given in
Proposition 3.2. We do not have any individual variables, second order parameters, nor open assumptions in
I1. 11 should be strongly valid relative A” according to that theorem. On the other hand, IT is not strongly valid
relative A by Proposition 3.2, Henee the theorem 2.1.1 does not hold. O

His proof of strong normalization consists of the theorems 2.2.1 and 2.2.2 in Page 302. The theorem 2.2.1 is
one of the two main theorems, and his proof of strong normalization does not work without the theorem 2.2.1.

He also gave a proof of sirong normalization for a first order svsiem in [15] and several proofs have been
written to complete his proof for the first order system. Until now we do not know any paper that completes his
proof for the second order system. In the next section, we will complete his proof for the second order system.

4  Strong normalization

Definition 4.1 Fora type A, SN,y is defined as the set of strongly normalizable terms of type A0 SN is defined
as the set of strongly normalizable terms of any type.

For a set S of terms of type A, S is called regular if

(1) 8 C SN,

(2)If M £ S and M — N, then N £ 5.

For an absiraction term T of arity n, a regulary set function is a function that maps a sequence £y ... 0, of
first order terms to a regulary, ,  set. A set valuation ¢ is a mapping which maps a predicate variable X tn
(T, F) where T is an abstraction term of arity n and F is a regulary set function. The valuation a[X == (T, )]
is defined by (a[X = (T, F1)(X) = (T, F) and («[X = (T, F))(V) = (V) for X 2 V.

For a formula A and a set valuation o, Ar is defined as _-l[f = ']F] where the free predicate variables of A are

—

X, and o X;) = (T, F;). Substitutions {eo, T, and Mea are defined in the same way. Note that fo is always {.
Lemma 4.2 SNy is regular, .

Proof. The clanses (1) and (2] in the definition of regular sets hold trivially for SN, O
Definition 4.3 For an abstraction term 7, the regulary set function SNy is defined by SNp(i] = SNep.

Definition 4.4 (Strong validity) For a type A and a set valuation o, we will define the set so7 of terms of

tvpe Ar inductively by using strictly positive inductive definition of sv inside induction on the construction

al A.

o (Var) u'” € so7.
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o (Var2) M e svl - if o(X) = (T,F) and M € F(i].
o (=I) A7 M € sv_ g if for every N € sv], M[ut” == N] € svf.

o (=F) MN € so7 i for every L, MN — L implies L € s27 and MN @ A,

o (80) (M, NY € s0Tp il MEsv] and N € sf.

o (UFE) Mp; € so7 il every L,Mp; = L implies L € so7 and Mp; - Az (i =0,1).
o (V1) Ax M g s, if for every first order term £, Mz == 1] £ S'i"::_[r:zi].
o (VE) M £ so] if for every L, M{ — L implies L € sv] and M{ @ A,
o (VI1) (0, MYAVE € s o 00 M E su.

o (VIZ) (1, MYAVER ¢ s o i M E suf.

o (VE) (M,N,L)ya,5 € s0Z if

— M e SNayvn,

~ N,L€ s,

— for every P, M == C[(0, PY*"E] implies N[ut := P] € s03,
for every P, M == C[{1, Py'"¥B] implies L[pv® == P] € s22.

o (31) (1, M)FN7 g 505 i M € s

r:=t]"

o (AE) (M N), ya € sv% if M € SN3,4,NV € s0Z, and M == C[{{, Py ] implies N[z == {,u' == P] € sv7.
for every P and every £,

o (V) AXNT M € svly., if for every abstraction term T of arity n and every regulary set funciion F,
M[X =T]e .??':[A:sz'Fj].

o (V'E) MT € sv7 if for every L, MT — L implies L € sv] and MT : As.
o (3'1) (T, .'l!}fax"”" € svgyy M M e .wlj_[x:w'ﬂ] for some regulary set function F.

o (I?F) (M N)x 42 € 502 if M € SNaxa, N € s2Z, and M =~ C[(T, PY3*] implies N[X = T,u* =
Pl € so for every term P and every abstraction term T

In the rules (VE), (3E), and (3 F), the segment C[] is defined by
[1[] = ||: AT, [1[]" 'T]u-“.l'E’ ||: M N, C[']]u-“.l'ﬂ ||: A, C[]]ru"‘ ||: AT, ‘-.!I[']:IJF.:H-‘ll
If M isin so7, we will say that M is strongly valid with respect to . We call so7 strong validity, which will
be sometimes abbreviated to sv.

Remark. In this definition, so7 is defined by induction on A, Inside each definition for A, we can assume svf
is already defined for B smaller than A, and moreover we use sirictly positive induetive definition of sv. This
kind of definition is discussed in detail in [20] and it has shown that the inductive definition for the first order
system can be reduced to arithmetical inductive definitions.

Definition 4.5 For M £ SN, |M] is defined as the lengih of the longest reduction sequence beginning with
M. gM 1= defined as the number of the symbols occurring in M.

Lemma 4.6 (1) Suppose that (M, N, L),  is a term af type C. Assume that
e M N,L are in SN,
o M =" C[{0, PY] implies N[u = P] € SN for every P,
o M =" C[{1, PY] implies L[y := P] € SN for every P.

Then (M, N, L), . is in SN.
{2) Let ev be & or X and R be { or T respectively. Suppose that (M, N, ., is a term of type C'. Assume that

e M, N are in SN,

o M =" C[{R,P)] implies N[ov :== R,u = Pl € SN for every @ and every P.
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Then (M, N, s in SN,

Proof. We will show the claims (1) and (2) simultaneously by induction on (|[M|, 50, |V |+ [L]).

(1) Assume (M, N, L), , = K. We will show K € SN. We will consider cases according to the reduction.

Case (M, N, L)y o = (M, N, L) o

For i = 0,1, M" —~ C[{i, P}] implies M —~ C[{i, P}], so the second and the third assumptions hold for
(M’,N,L)s ». By IH for |M’| < | M|, we have (M’, N, L), . € SN.

Case (M, N, L)u o = (M, N, L)u o

N'u:=Ple SN i N[u:= FP] € §N, since N[u :== F] = N'[u := F]. By IH for |[N'| < |N|, we have
(M, N, L) o € SN.

Clase (M, N, L), , = (M,N,L"), .. This case is similar to the previous case.

Case ({0, M, N, L)y, = Nu = M].

By leiting O[] = - in the second assumption, N[u == M] is in SN.

Case ({1, M, N, L)y, = L[v := M]. This case is similar to the previous case.

Case ”Lrl 1 -LFE- -Lrﬁ:lltw.lt':- N, f-']:u.l' —* |:1'rl 1 |: -LFE- N, -r-']:u.l'- |: -Lri'!- N, L]:u.l']::'-..::'g-

We have Ay, € SN, since [ My, Ma, Mz)yp, 0w, € SN

We will show (Ma, N, L), , € SN. First we have M;,N,L € SN. Suppose M. —* C[{0, PY]. Then
(M Mo, M3) e = (M G0, P, M3) oy - By letting O[] be (M, Ci[], M), we in the second as-
sumption, we have N[u = FP] € SN. Therefore Mz —* C4[{0, PY] implies N[u = F] € SN. Similarly
My = C[{L,PY] implies Llpy = P] € SN. Hence, by TH for |[Ma| < |M| and §0M: < {0, we have
(My,N, L), € SN.

We can prove (M5, N, L), € SN in a similar way.

We will show that My == Ci[{0, P}] implies (M2, N, L), o[en == P] € SN. Assume M; == Ci[{0, P)]. We
will show each condition in TH for (Aa[wy = P, N, L), € SN, We have

|:-1'r|--LFE--LE'!]::'-..::'Q —" “TI[{D- P}]-l-r?-l-rﬁ]::'-..::'g
=IO, Py, Mo, M3) 4w, 0]

"

= Ci[Ma[uwy = P]).

By the first assumption (Mg, Ma, M), 0. © SN, we have Ma[wy == P] € SN. By the first assumption, we
also have N, L € SN. Suppose Ma[uy = P] =~ C:[{0,4]. Then we have
([ Ay, M, .1!3]“-1I“-2 —" [‘: [.1!3[!]1 = P]] —" [‘: [[Tj [{D.Q}]]

By letting C[-] be C}[Ca[]] in the second assumption, we have N[u = @] € SN. Hence M[uy == Pl =" G[{0, QY]
implies Nu == ] € SN. Similarly Ma[wy == P] =" G[{1, Q)] implies Llp == @] € SN. By TH for |Ma[uy ==
Fl| < [ My, M2, Ma)w, wa|, we have (Ma[uy == P],N, L), , € SN, that is, (M2, N, L), »[un == Pl € SN.

We can prove that My —* O [{1, P}] implies (M5, N, L), o [ws := Pl € SN in the same way.

By IH for |My| < |(My, Mo, M3)y, wo| and EAM < E(My, Mo, Mi)yw, w., we can  conclude
|:1'rl 1 |: -LFE- -T- f-’]u.l'- |: -Lri'!- -T- f-’]u.l']::'-. R £ 5SN.

Case ((My, Ma)qw N, Ly o = (M, (M3, N, L)y o)aw where o s o or X

We have My € SN, since (M, Ma), . € SN

We will show (M, N, L), » € SN, First we have M, N, L € SN from the first assumption. Suppose M. —
Oy [{0, PY]. Then (My, Ma)q w =" (ML GO, PY)) 6 w- By letting O[] be (M, C1[]) a0 in the second assumption,
we have N[u == P] € SN. Therefore My —~ O [{0, P}] implies N[u == P] € SN. Similarly Mz =~ C[{1, P}
implies L[y := F] € SN. Hence, by TH for |My| << | M| and My < M, we have (M, N, L), , € SN.

We will show that My, —* O [{R, P)] implies {Ma, N, L)y o[or := Ry = Pl € SN, where R is { if v is 2
and It is T if e is X, Assume My =" O [{R, P}]. We will show each condition in TH for (Mo = R,w =
Pl,N,L)y » € SN. We have

|:-1'rlu-1'r2:|r:|.1:' —" |:'--1'II|:'{JJ?-| P}]-lrijn.::'
=I CH{R, PY, M) a ]
= C1[Ma]n = R,w = PJJ.

By the first assumption (M, Ma), . € SN, we have Ma[n == R,w = P] £ SN. By the first assumption, we
also have N, L € SN. Suppose Ma[o = ,w = Pl =" (2[{0,3]. Then we have
(My, M) =" C[Ma[or := Ryw = P =" CL[Ca[(0, Q)]

By letting C[-] be O1[C2[]] in the second 1:=‘.==‘.1m1men we have N[u == @] € SN. Hence Moo == R, w = F] =~
Ca[{0,8] implies N[u = @] € SN. Similarly Mo == R,w == P] =" (o [{l Q}] implies Llv == J] € SN.
By TH for |Ma[o == R,w == P]| < |[[My, M2) a0, we have (Ma[n = R,w == P, N,L),, € SN, that is,
(M2, N, L), o[ == R, == Pl SN.

By IH (2) for |My| < [(My, Ms) . 0| and My < 8( My, M), 0, we can conclude { My, (Mo, N Ly Wl w € SN

(2] These claims are proved in a similar way to the claim (1), O
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Proposition 4.7 sv] C SN 4. holds.

Proof. We will use induction on the definition of A7 € s07 to prove that M € SN.

We will list cases according to the definition of M € sof.

Clase (Var). u'™ € SN.

Case (Var2). By the clause (1) in the definition of regular sets.

Case (—=TI). By (Var), «'” € su7. By letting N be u in the definition of Au.M € sv]_ g, we have M € svg.
By TH, M is in SN. Hence Aw M 1s in SN,

Case (—F). We will show MN £ SN, Assume MN — L and we will show L € SNV, By the definition of
MN € svq, we have L € so7. By TH, we have L € SN

Clase (&27). By the definition of (M, N} 817 g, we have M € so] and N € svf. By IH, M, N are in 5N,
Henee (M, N} is in SN.

Case (L2 F). This case is similar to the case (=),

Case (Y1), By letting f be 2 in the definition of Az A € sof |, we have M € so7. By TH, M is in SN. Hence
Azx M is in SN

Case (WE). This case is similar to the case [—F).

Case (WT). This case is similar to the case (827).

Clase (V). By TH, we have the following: M, N, L € SN, M =~ C[{0, PY] implies N[u = P] € SN for every
P, and M == C[{1, P}] implies L[p := Pl € SN for every P. By Lemma 4.6 (1), we have (M, N, L), , € SN.

Case (37). By IH for M £ SV M iz in SN. Hence {t, M} is in SN.

Clase (IF). By TH, we have the following: M, N € SN, and M —== C[{{, P}] implies N[z == 1{,u = Pl £ §N
for every { and every P. By Lemma 4.6 (2), (M, N, 15 in SN,

Case (v'1). By letting 7 be X and F be SNy in the definition of AX.M € suy,
sy =SSN By [H, M s in SN. Then AX .M is in SN.

Case (W?E). This case is similarly proved to the case (—=F).

Case (3°1). By TH for M € s =T F1 Af is in SN. Hence (T, M) is in SN.

Case (3* F). By TH, we have the following: M, N € SNV, and M == C[{T, P}] implies N[X = T,u:= P] € S\
for every T and every P. From Lemma 4.6 (2), we have (M, N5, € SN

Consequently s © SN holds. Sinee sv7 is a set of terms aof type Aa, we have so C SNy, O

(o we have M £

Proposition 4.8 If M € so and M — N hold, then N is in sv7.

Proof. Assume A € s0] and M = N. We will show N £ s0 by induction on the definition of M € so7.
We will list cases according to the definition of M € sof.

Case (Var). We do not have this case.

Case (Var2). The claim heolds from the clause (2] in the definition of regular sets.

Case (—+I). The reduction is A M = Au M. Assume N € so]. From the definition of Au.M € s07_ 5,
Mu == N]is in svg. From ITH and M{u = N] — M'[u := N], we have M'[u := N]in svf. Hence Au M’ is in
509 L p-

Clase (=), By the definition of sv, MN — L implies L € so7.

Case (&7). The reduction is either (M, N} = (M, N} or (M, N} = (M, N". By the definition of sv, M
is in sv] and N is in sof. By IH, M’ is in so7 and N’ is in sof. Hence we have {M', N} € sv7, p and
(M, N"y £ sv7, g by definition.

Case (L F). This case is similarly proved to the case [—F).

Case (¥I). The reduction is Az.M — Az M’. By IH for Mz :={] € soj, _; and M[zr == {] = M'[x := 1],
we have M'[z :=={] € svj, _,; for any first order term {. Hence Ar M’ isin sof, ,.

Case (WE). This case is similarly proved to the case [—F).

Case (WT). This case is similar to the case (827).

Case (VE). Suppose (M, N, L), , € svZ and (M, N, L], ,, = K. We will consider cases according to the
reduction.

Case 1. (M,N, L)oo = (M, N, L), = K. M’ isin SN since M is in SN. M' == C[{0, P}] implies N[u =
Pl £ svd, since M == C[{0, P}] implies M —* C[{0, PY]. Similarly M’ —~ C[{1, P}] implies L[p := P] € soZ.
Henee K is in svd by definition.

Case 2. (M, N, L), , = (M,N", L), , =K. ByIH, N'isin so7. If M =~ C[{0, P}], we have N[u = P] € s0.
Then we have N'[u = P] € sof from N[u := P] = N'[u = F] and TH. Hence K is in so7 by definition.

Case 3. (M, N, L)y = (M, N, L"), , = K. This case is similar to the previous case.

Case 4. ({0, Py, N, L)y = N[u = F] = K. By letting C[-] = - in the third condition of the definition
({0, Py, N, L)y v € svZ. we have N[u:= FP] € s0Z.

Case 5. ({1,P},N,L), , = L[v := P] = K. This case is similarly proved to the previous case.

Case 6. ”Lrl 1 -Lriu -Lrﬁ]u'-,.u':- -T- f-']:u.l' —* |:1'rl 1 |: .1!3. -T- -r-']:u.l'- |: -Lri'!- -T- L]:u.l']u'-..u'ﬂ =K.
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The assumption (M, Ma, M), we, Vo Ljwe € svd gives us  the [ollowing  four  conditions:
(M, Mo, M)y e € SN, N L € sof, (M, Mo, M3)y, w, = CH0, PY] implies N[u = P] € suZ, and
(M, M, M)y ey, =" C[LLPY] implies Llp == P] € s, We will show each clause in the definition
|:1'r| 1 |: -LFE- N, f-’]u.l'- |: -er!- N, f-’]u.l']::'-..::'g = 31";_?'-

Firsi we have Ay € SN from the first condition.

Next we will show (A2, N, L), » € sv7. AMs is in SN From the second condition, N, L are in sv7. Suppose
My —=* C4[{0, P)]. Then (M, Ma, Ms)u, vy =" (My, Ca[{0, P, Ma)uy v, By letting €[] be (My, Ca[], M)y s
in the third condition, we have N[u := P] € spZ. Therefore My =~ O [{0, P)] implies N[u = P] € sof.
Similarly Mz = Cy[{1, P)] implies Llv == P] € svZ. Hence (Ma, N, L), . is in s by definition.

We can prove (M5, N, L), » € 507 in the same way.

We will show that My —= Oy [{0, PY] implies {Ma, N, L), o[wn = F] € so2. Assume My, =~ O [{0, PY]. Then
we have

|:-1'r|--LFE--LE'!]::'-..::'Q —" “TI[{D- P}]-l-r?-l-rﬁ]::'-..::'g
_}::' [1: [l: {D' P}" 'LFE" -er!:llﬁ .“':]
= Ci[Ma[uwy = P]).

By the first condition, we have Ms[uy == P] € SN. By the second condition, we have N, L £ svZ. Suppose
Moy == P] =~ C2[{0,Q3]. Then we have
( Ay, M, 1!“;]“1 1wa —" [“[1!1[H| = P]] —" [“[ [{D Q}]]

By letting O[] be C{[C2[-]] in the third condition, we have N[u = (J] £ spZ. Hence Ma[uy = Pl =" O [{0, QY]
implies N[u == J] € svZ. Similarly we can prove that Ma[un = F] =7 Gi[{1,Q%] implies L[v == @] € s,
Hence by definition we have (M [wy == P],N, L), . € soZ, that is, (M, N, L), o[uy == P] € svl.

We can prove that Af, —* C1[{1, P}] implies (M5, N, L)y, o[we == P] € 527 in a similar way.

Therefore we can conclude ( My, (M, N, L)y o, (M3, N, L)y v )iy ws € st by definition.

Clase (37). The reduction is {{, M) — {{, M"). By the definition, we have M £ S?Ij_[
M e S?I_’]_[r:,]. Hence {{, M) is in s0g_ .

(Case (K. This case can be proved in a similar way to the case (V).

Case (¥*1). The reduction is AX" A = AX" M. Assume T is an absiraction term of arity n and F is a
regulary set function. By the definition of AN M £ sy, we have M[X = T] & wlq[“ =T Fj] By TH and

MX :=T] = M'[X :=T], we have M'[X :=T] € s Iﬂ[A'_fT Bl Henee AX M is in BUTx -
Case (W?E). This case is similar to the case [—=F).
Case (371). The reduction is {T, M} —= (T, M"). By the definition of (T, M} £ svgy,, we have M £

ﬂ[A'_fT P for some F. By TH, we have M’ € s1 ﬂ[A'_fT 1 Hence {T My is in sy .
f'ls'.u.“ (3* ). This case is proved in a similar way Ln the case (V).

rmt] By TH, we have

Theorem 4.9 s07 is a regular, . scl.

Proof. Proposition 4.7 shows the clanse (1) in the definition of regular sets. Proposition 4.8 proves the clause

(2). O

Definition 4.10 For an abstraction term T and a set valuation o, the regularg, set function sof is defined by
sup(l) = su7 .
Ti
Lemma 4,11 (1) If Sf;[}l::wﬂ"w'rﬂ

wI-*'.!'[JL'::["]"-*'.r..!l'-'_F"J]

2) If sug

M e so e vl

(\.U s1 r'.r[JL =(Ta, !l-_r"j]

= -“'E[x:zr] holds for every proper subformula B of A, then M £

mmplies M £ S?Ij.[}t_:zT]'

ox=(Teszll ?IF}[J[:T] holds for every proper subformula B of A, then M £ S?Ij.[}t_:z'r] rmplics

= Sflj_[x::?.] holds for every type A.

Proof. Let o' be o[X == (Tr,s07)]. Let € be C[X = T] for every type C. We will say the small type
condition to denote the mndlen that svj[X = (Te,s07)] = swE[x::T] for every proper sublormula B of A,
We note A{a’) = A’ since the both sides are -l[ﬁ- =T, X = T where o(Y;) = (T}, F).

(1) We will use mduern on the definition of M £ %?Ij_‘ to prove M € sv7,.

Cases will be listed according to the definition of S'i"j_‘.

Case (Var). The claim holds since M = utl’)
Case (Var2)(1) A = Xi. The assumption is M & sl By the definition of sv, we have M £ suf(f).
So M £ SUT - halds by the definition of sof. The claim A € sof s also M £ sv7. by the definition of

(A Ti
substitution.
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Clase (Var2)(2) A=Yiand ¥ = X. Both of the assumption and the claim are M £ F(1) by definition where

o(¥) = (Ti, ) , ,

Case (=) AuM £ ¢?'L —p- By the assumption and the definition, for every N € soZ , M[u = N]is in s .
By the small type condition, it is equivalent to that for every N € sof,, M[u = N]is in svf,. Hence we have
AuM e S"'Fr."-pﬂj*'

Case (—F). By the assumption, MN — L implies L £ .wlj_‘. By IH, MN — L implies L € sv9,. Therefore
MN is in svq, by definition.

Case (VE) (M,N, L), , € .wl;_?.‘. By the assumptiion and the definition, M € SN, N, L € .wl;_?.‘, M == C[{0, PY]
implies N[u == P] € svZ for every P, and M —* €[{1,P)] implies L[y := P] € svZ for every P. By IH,
N,Le svd,, M =" C[{0, PY] implies N[u == P] € soZ, for every P, and M —~ C[{1, P)] implies Lv == F] £ svg,
for every P. Hence we have (M, N, L), . € svZ, by definition.

Cases (L1),[LFE),(vI), ["l;l"f] and (YFE) are similarly proved to the previous three cases.

Case (Y1) AY.M € mﬂ 1- By the assumption and the definition, for every absiraction term Ty and every
regulary, set function F, M[Y = Ti] € sw:_‘[l =TEL polds. By combining this with the small type condition,
we have M[Y = Ti] £ wlﬂ[l =Tl

Case (v E) can be pmwd in the same way as the case [—F).

. Henee we have AY. M £ SUly 4y by definition.

o [Vi=(Ts,

Case (1) (Th, M) € ii'i"zn 4~ By the assumption and the definition, we have M € ii'i" P for some

u.'wul'u'T set function F. By the small type condition, we have M £ wlﬂ[l =(T, F\J] ”u.“nru.“ {Ty, MYy £ s0f

[EVENE
holds by definition.

Case (I*E) (M, Ny, € .wl;_?.‘. By the assumption and the definition, M is in SN, N is In ¢?'L , and
M == C[{T, PY] implies N[Y = Ty,u == F] € S'i"Er-‘ for every Ty and every P. By IH, N is in sv7., and
M == C[{Th, P}y] implies N[Y := Ty, u = P] € svZ, for every T} and every P. Hence we have (M, Ny, € svZ,
by definition.

Cases (37) and () can be proved similarly to the prm-‘im]ﬂ two cases.

(2) We will show that if we have A € soZ, then O = A[X = T] implies Al € 50
on the definition of M € sof.

Cases will be listed according to the definition of M € s07 except the case (Subst).

Case (Subst) €' = Ti, A = Xi, and M € suZ. By the definition of sog, We have svf = S?Q[f_‘]. By the
definition of sv, M £ sug -hnlds'.

Case (Var2)(1l) ' = 5 E[.J = f_], A= X1, and T = AZYF, and M € svZ. This case is included in Case
(Subst).

Case (Var2)(2) C'= A= VI,X =Y, and M € soZ. Let oY) = (Th, F). We have M £ F(1) by the definition
of sv. S0 M £ .wlj_‘ holds by the definition of sv.

Case (=1)(1) €' = B[F == i]= B[ == 1], A= Xi, T = A#.B, = B,, and AuPF=17 31 ¢ SV b o o]

X =T aavl . .
al (T 'Tj], by induction

This case is included in Clase {Subst).
Case (—=1)(2) C'= Ay = A} and A= A; = Ay, and Aw™s” M € 507

type condition for Ay, NV is in sv7, . By the definition of sv, we have .'l![u = N] € sv7,. By the small type
| a

i l"'.l"l .
Ay Assume N € sv] . By the small

) - . . )
L= N]is in sv]_. By the

condition for As, Lf[u' Lo = T] is in sv7_. Since Aj(e) = Ale, we have M[u
definition of sv, Au1™ M € wl,_ -

Case (—=F) MN £ s07,. By the definition of sv, we have MN @ A'r, so we have MN : Afs’). Assume
MN = L. By the definition of sv, we have L € so7, By IH, L is in S'i":':_‘. By the definition of sv, we have
MN € sv7

Case ["l;l"'f][l] ' =YY(B[F f_]], A= XI,T = AfVY B, and A&Y.M € su. This case is included in Clase
(Subst).
Case (V'1)(2) O =YY B, A = ¥V B, and AY.M € sy 5. We can suppose ¥ is fresh by renaming bound

V.=(T,,F .
ﬂ[ =Tl gy every abstraction term T3 and every

2 Vi=(Ty Py By ihe definition

variables. By the definition of sv, M[Y = Ti] is in svp
regulary, sel l'unu."lmn Fy. By the small type condition for B, M[Y = Ti]is in so/j,
afl sv, AY .M € sﬂﬂ ‘B

Case (Y'E) MT € sv7,. By the definition of sv, we have MT : A'r, so we have MT : A(e’). Assume
MT — L. By the definition of sv, we have L € sv7, By IH, L is in .wlj_‘. By the definition of sv, we have
MT € 517 .

Other cases can be proved similarly. )

(3] We will use induction on A to prove so] = soq,. We will prove the claim for A, Then the induction

Lhivpothesis is that the claim holds for every proper subformula B of A, Suppose M £ S'i":':_‘. By IH and (1), we
have M € sv7.. On the other hand, by TH and (2], M € so, implies A £ .wlj_‘. Therefore we can conclude
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[
suy =svy,. 0O

Lemma 4.12 (1) If M is in sv_ p and N is in sv7, then MN is in svf.
(2)If M is in svf,, g, then Mpy is in sv7 and Mp, is in svf.
(3)1f M is in so,, and ! is a first order term, then M is in S'i":-':_[r:zi].

{4) If M is in suyn, and T is an abstraction term of arity n, then M{Tw) is in Sflj_[x::?.].

Proof. (1) We will use induction on (||, 20, |V]). Assume MN — L. We will show L £ svf. Cases will be
listed according to the reduction.

Case MN — M'N. By Proposition 4.8, M’ is in sv]_, 5. By IH for |M] < |M|, we have M'N £ svf.

Clase MN — MN’. This case is similar to the previous case.

Case [Au.M)N — M[u == N]. By the definition of Au.M € sv7_ g, we have M[u == N] € svf.

Case (My, Mz, M5), o N — (M, MaN, M5V ), . Let M be (M, Ms, M3), .. From the assumption A £
sv7_ g, the following four conditions hold: My € SN, Mo, My € sof_ 5, My =" C[{0, P}] implies Ms[u =
Pl € sv_ g, and My =" C[{1, P}] implies Ms[v == F] € sv7_ 5. We will show each clanse in the definition of
(M, Ma N MN ), 0 € 505 L p-

My is in SN by the first condition.

By the second condition, Ms is in so_ 5. By TH for [Ma| < |M| and §M5 < (M, we have Mo N € sof,.

Similarly we have MzN £ svf.

Assume My =" C[{0, 7] and we will show (AN )[u = P] € sof. we have

|:.'l!|..'lf3.-”:i]u.|- - tf[{':l" P}]'l&'lrﬁ]“'r
—_ [T'r[l:{l:l, P}q-\'rﬂllrﬁ]“.l']

"

- C[Ma[u = .

By Proposition 4.8, C'[Ma[u := P]] is in sv]_ 5. By the definition of sv, Ms[u = P]is in sv]_ p. From the
above, we also have |Ma[u == P]| < |(My, Ma, MG), |- By TH for |[Ma[u == F]| < [(My, Ma, Mz), 0|, we have
AMG[u == PN € svf, that is, (M N)[u = P] € svf. Hence My, = C[{0, PY] implies (Mo N)[u == P] £ svf.

Similarly A, =~ C[{1, P}] implies (MaN)[v == F] £ sv.

Hence we have [ My, Ma N, M5V, . € s, g, since each clause in its definition has been shown,

Case (M, M), o N — (M, MaN),  where o is 2 or X. This case can be proved in a similar manner to the
previous case.

We have proved that MN — L implies L € sof for every L. Therefore MN € svf holds by definition.

(2] This claim ran be proved similarly to the claim (1],

(3] This claim can be proved in the same way as the claim [4).

(4) We will use induction on (|M|],20M). Assume M (Tw) = N. We will show NV £ S'i"j_[x:z.r]. Cases will be
listed according to the reduction.

Case M({Tr) — M'(Tw). By Proposition 4.8, M’ is in soy . By IH for |M'| < |M], we have M'[Tr) £
.%'i"::_[x:z.r] .

Case (AXM)(Te) = M[X = Tr]. By letting T be Tr and F be sof in the definition of AN M € s0d, ,,
we have M[X = Tw] Sflj_[}l:wﬂ"!";ﬂ. By Lemma 4.11 (3), we have M[X = Tw] SV 5277

Case [ My, My, M5), o[Te) = (M, Ma(Tr), M5(Te) )y . From the definition of (A, Mo, MG), 0 € 80054,
the following four conditions hold: Afy is in SN, Ms, My are in sy, My =" C[{0, P)] implies Afs[u = P] &
sS4, and AN =" C[{1, PY] implies Ma[e = P] € suy,. We will show each clause in the definition of
(M1, MG(Ter), Ma(Tr) w0 € S0 5. )-

My is in SN by the first condition.

Al is in sud,, by the second condition. By TH for |Ms| < |[ My, Ma, M5), | and 20 < g( My, Mo, AR, .,
we have My (T £ .%flj_[x:?.].

Similarly we have M5(Tea) £ Sflj_[x::?.].

Assume My =" C[{0, P4]. Then we have

|:.'l!|..'lf2.-”:i]u.|- —" ttj[{[:l- P}]..'lfg..'l!;;]“.,.
=2 C((0, PY, Ma, M), ]
=  [Ma[u = P
By Proposition 4.8, we have C'[Ma[u := P]] € svy . By the definition of sv, we have AMau = P] € suly -

From the above, |Ma[u == F]| < |[(My, M2, Mz),, | holds. By TH for Ma[u = P], we have AMa[u == P)(Tr) £
Sflj_[x:zT], that is, (Ma(Te))[u = P] £ S'i"j_[x:z.r]. Hence M, —= C[0, PY] implies (Ma(Ter)j[u == FP] €
SULx=T]-

Similarly My == C[{1, PY] implies (M5(Te))[v = P e S'i"j_[x:z.r].
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We have shown each condition in the definition, so we can conclude [ Ay, M(Te), M3(Te) )y 0 € sfl_'_f_[x::T].

Case (My, Mz, o (Te) = (M, Ma(Tr))n  where o is 2 or X This case can be proved in the same way as
the previous case.

We have proved that M{Tw) — N implies NV £ swj_[x:T] for every V. Hence M({Tw) is in S"':_[x;zr] b
definition. O

Definition 4.13 A first order valuation is a mapping that maps a first order variable to a first order term. A
valuation is a mapping that maps a term variable u?! to a term of tvpe A.

For a first order valuation 7 and a term M, M7 is defined as M[zy == m{a), ..., 7, = 72, )] where all ihe
free first order variables in M are =y, ..., 7. For a first order term {, a formula A, and an abstraction term T,
{r, Ar, and T'r are defined in the same way as for M.

For a valuation p and a term M, Mp is defined as M[uy == pluy), ..., u, = plu,)] where all the free term
variables in Af are wy, ..., ;.

For a set valuation o and a term M, M is defined as M[X, .= Ty,...,X,, = 7,,] where the free predicate
variables in M are Xy, ..., X, and o(X;) = (T, F;).

The valuation plu? == M] is defined by (p[u? == M])(u?) = M and (p[u? == M])(0B) = p(vF) il u? = 5.
The first order valuation [z = {] is defined similarly. We will write Mrap to denote ((M7)a)p. We will also
use {rap, Arap, and Traop in a similar way. Note that fop is always {, Ap is always A, and T'p is always T.

Note that (ut)[X = T] = w =71

Theorem 4.14 For any sel valuation o, any valuation p, and any first order valuation v, if M : A is provable
and p(uP7™7) is in sug_ for every free term variable uf af M, then we have Mreop € sU7 .

Proof. We will use induction on the proof of M : A, We will consider cases according to the last rule used in
the proof.
Case {Assumption). The proof is u? : A, By the assumption, we have urop = p(u?™) € s07 _.
Case (—I). The proof is
[t - A]

M:B
At M A= B
Assume N € sv7.. Let p' be p[u'™ = N]. By IH, we have Mrog' € svf,, that is, (Mrop)[u'™ = N].
Then N € sv, implies (Mrop)[u'™ = N] € svf,. Hence we have Au'"™ Mreop € sv._ p,, that is,
(At M)rap € svy_, gy, -
Clase (= F). The proal is
M:A=B N:A
MN :B
By IH, we have Mrop £ S'i"El__’BjT and Nrop € sv].. By Lemma 4.12 (1), we have (Mrop)(Nrop) € svg,,

that is, (MN)rop € svf,.
Case (&27). The proof is
M:4 N:B
{(M,NY: AL R
By IH, we have Wrop € sv
that is, {M, Nireop € s0f

(g

1. and Nrap € sof_. By the definition of sv, we have (Mrop, Nraph € sv7 0 5ry

(A&B)T"
Case (LFE1). The proof is
M:ALRE
Mpp - A

o
Ar1

By IH, Mrapis in S?IE-!.E.:B"JT' By Lemma 412 (2), we have (Mrap)py € sv that is, (Mpp)rorpe € sv] .

Clase (L2 F2). This case 1s similar to the previous case.

Case (Y1), The proal is

M:A4
Az M ¥zAd

Assume that ¢ is a first order term. We can suppose that = is fresh by replacing every free occurrence of # in the
proof by a fresh variable and renaming bound wvariables. Let 7 be [z == {]. By ITH, we have Mr'op '“'j.fr*j-
that is, (Mrap)[r = 1] € .i:?l'?__l_ﬂ[r::,] by the variable condition. Hence [ Mrop)[r = 1] £ S?IE!T‘J[:':zi] holds for

any first order term {. Then by definition we have Az Mrop € S?":;-{_.l_-,rj' that is, (Az. M)rap £ S?IF'?':'.-HT'

Case (VE). The proal is
M :¥rA
Mtz Al == 1]
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We can suppose that = is fresh by renaming bound wvariables. By TH, Wreop is in SVl 4y, BY letting £ be {7
(el

in Lemma 4.12 (3], we have [ Mrap)(ir) £ "”'E-l.rj[r::sr]- that is, (M{)rop £ SV [pi=t]r -
Case (WT). This case is similar to the case (827).
Case (VE). The proal is
[l A] [P : B

M:AVB N:C L:C
(M, N, L)ya e :C
We will show each clanse in the definition of (Mrep, Nrop, Lrop)ace 5o € 805 .

By IH, Mrapisin '“'E-WB‘JT' By Proposition 4.7, Mrop is in SN

By IH, Nrap and Lrap are in sof_.

Assume Mreop — C[{0, PY]. By Proposition 4.8, C[{0, P}] is in "”'E-WB‘JT' By the definition of sv, {0, P} is
mn "”'E-WB‘JT- so P is in sv7_ by definition. Let g’ be plrt™ == P|. Then, by TH, we have Nrap’ £ svZ_, that
is, (Nrop)[u'™ = P] € sul_. Hence we can conclude that Mrep == C[{0, P}] implies (Nrop)[ut™ = P]
=1

Similarly we can prove that Mrap == C[(1, P}] implies (Lrap)[0B™ = Pl € 507 _.
Sinee we have shown each condition in the definition, we have (M rop, Nrop, Lrop) are yore € sod_, that is,
(M, N,L)jya s7op € sug,_.
Case (37). The proal is
M Alr = 1]
{4, M) : JxA
We can suppose that » is fresh by renaming bound wvariables. By TH, we have Mrop £ s?l_'_f_[r:,]?_, that is,
Mrop e "”'E-l.rj[r::sr]' Hence we have ({7, Mraop) € .wlgrf__,_ﬂ, that is, {{, Mrorp € 'WFEIJ'.-'-ET'
Case (). The proal is
[t - A]

M:324 N:C
(M, N pa O
We can suppose that # and u® are fresh for any type B by replacing every accurrence of # and u? in the proof
b fresh variables and renaming bound variables. By ITH, Mreop is in '“'ler.-l.jr' By Proposition 4.7, Mrop s in
SN. By IH, Nreopisin sl .
Assume Mrop = C[{t, P}]. By Proposition 4.8, C[{{, P}] is in 'WFEIJ'.-'-ET' By the definition of sv, we have
(t,P) € sv,4y,- Therefore P s in sof, .,y by the definition of sv. Let 7 be rfz := {] and g be

plutATil==tle .— Pl By IH, we have Nr'ap' € svZ_,. From the variable condition, N¥'sp’ = Nrop[r =
t,u'™ == Pland C'7" = C'r hold. Then we have (Nrap)[z = t,u’™ = P] € s2Z_. Hence Mrop == C[{t, P)]
implies (Nrop)[e =1, w7 1= P] € sof_.
Since we have shown each condition in the definition, we have [Mrop, Nrop), ,a-- € svZ_, that is,
(M Ny yaTop € sud_.
Case (W*1). The proof is
M:A4
AXT™ M -WA"A
Assume that T is an abstraction term of arity n and F is a regulary set function. We can suppose that X is
fresh by replacing every occurrence of X in the proof by a fresh variable and renaming bound variables. Let o
be o[X := (T, F]. By [H, we have Mra'p £ S'i":':_;_. By the variable condition, we have (Mrap)[X =T e S'i":':_;_.
Hence (Mrop)[V =T] S'i":_[_;‘:sz'Fj] holds for any 7" and any F. Then by definition we have AN Mrop £
S'i".jxf__l_ﬂ, that is, (AN M )rop £ S'i"?.?.x__l_xj_r.
Case (V2 FE). The proof is
M:¥X A
MT:A[X =T
By TH, Wrop is in .le’.?.x__,_\JT. By letting T be T, M be M7rop, and A be Ar in Lemma 4.12 {4), we have
(Mreop)(Trea) € '“'E-l.rj[}f::?‘r]- that is, (M T)rop £ Sflj_[x:zT]T.
Case (3*7). The praof is
M:AX =T]
{(T,M}:3X A
We can suppose that X is fresh by renaming bound wvariables. By TH, we have Mrop £ Sflj_[x:zT]T, that is,

a[X:=({Trosvg

Mreop e S"'El.rj[}f::?‘r] . By Lemma 4.11 (3], we have Mrop € sv, - 1. Hence we have {Tre, Mrep) €

sw;xf__,_ﬂ, that is, (T, Mrep "”'le.!r_--.jr-
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Case (I E). The proof is
[t - A]

M:3IXA N:C
(M, N)xya
We can suppose that X and u? are fresh for any type B by replacing every accurrence of # and u® in
the prool by fresh variables and renaming bound wariables. We will show each condition in the definition
!:.'llfrn'p, Nrmp)y pare € svn_. By TH, Mrrpisin SV G4y, BY Proposition 4.7, Mrap is in SN, By [H, Nrap
Is in svg_.

Assume Mrop —=* C[(T, P})]. By Proposition 4.8, C[(T', P)] is in suf5y,

By the definition of sv, we hawve

17"
(T, P e '“'FEIA‘.-I.‘JT' Therefore by the definition of sv we have P £ S?I:_[:l::fr'ﬂl for some regularg set function
F. Let o' be a[X := (T,F)] and g’ be pu'™*=T] .= P]. By IH, we have Nro'g’ € svZ_. From the
variable rondition, Nra'p’ = Nrap[X = T,u'™ = F] holds and X does not occur in 7. Then we have

sud_ = svd_ by Lemma 4.11 (3). By combining them, we have (Nrop)[X = T,u'™™ = P] € svZ_. Hence
Mrop == C[{T, PY] implies (Nrap)[X == T, u'™™ = P] € svZ, for every T and every P.

Since we have shown each condition in the definition, we have (Mrop, Nrop)y a-- € svZ_, that is,
(M, N)xyaropcsug_ . O

Theorem 4.15 (Strong normalization) If M is a term of NJ?, then M is strongly normalizable.

Proof. Suppose M : A, Let the first order valuation 7 and the valuation p be the identity function. Define
the set valuation & by o{X) = (X, 5Nx ). Then, by Theorem 4.14, we have Mrop € sv7 ., that is, M € sv].
By Proposition 4.7, M is in SN. O
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