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(1) The Order-Degree Problem

Remind definitions

Order = TEEO# =8

Maximum Degree = (H2EAICERLTVSLDOE) DBEAE
=5

Diameter = ESfEEHOREAE =4



(1) The Order-Degree Problem

The Order-Degree Problem (ODP)

2 Order & Maximum ¢

egree [CXJ U C. Diameter

AN UN A YA A=l y
(& SICERBEYIIEEbR/IMEEL )

ODPODEIZEZTBEAMNE W SATESEISNTWS
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ODP D f# (FAKEFE TR R

ND—JRETDORICEZR S




(1) The Order-Degree Problem

Let’s consider the ODP
for Order =16 and Degree = 4

4-dimensional hypercube graph

Diameter = 4
NS A AR



(1) The Order-Degree Problem

Let’s consider the ODP
for Order =16 and Degree =4

2-dimensional torus grid graph

O o

g
|+

VY
@ @

Diameter = 4
ZURE TR |

.



(1) The Order-Degree Problem

Let’s consider the ODP
for Order =16 and Degree =4

An example of optimal graph (not unique in general)

Diameter = 3



(1) The Order-Degree Problem

Order & Maximum degree HNELEIRN /NS ULNVR

S50DPDfEAE B DT 2D LS B

XZ

Q. KE 7% Order & Maximum degree %z H D%

B DIT5IC

clxESULES

BLWDOH?




(1) The Order-Degree Problem

RKERT T2 T7HESRDIFZMN?

/ \

Optimization Direct construction
- fEE DOrder & DegreeD Y = « B57E D Order & Degree D = 7
JzEn% U hMEN AR LY
- 3EH [T K Z 730rder (~1000000) 3|57J%J" ICKE/ROrderd T 2 7%

<X UTIEETENEITTE AL 5%




(1) The Order-Degree Problem

REBTZT72ESRDFEHN?

/

We focus on

Optimization Direct construction

+ (£ DOrder & DegreeD T = - B57E D Order & Degree D = 7
JZxEns L hMEFL7R L

« JEE [T K = 72 0Order (~1000000) . ICKE=ROrderD T 5 7%
ICXF UTIEETENEIfTTE R
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(2) ODPD =D = THERE

(3) Summary




(2) ODPD /=D D "5 7 FEERL 1A

557 DR

ex.

(1) Browns construction
(2) Generalized Browns construction
(3) Using algebraic structures

(4) Taking products of optimal graphs of ODP
» Cartesian product

- Strong product

- Multiple star product (https://arxiv.org/abs/1608.08773)



(2) ODPD /=D "5 7 fEhL A

(1) Cartesian product G O H

(2) Strong product G X H
(3) Multiple star product G =L H

OV T7EFEITEDLETKRKERIT S TEES

. ODP@E%iﬁﬁ:? 7 7% Cartesian product > Strong product
TR ETHBRNBERDINS BRI 27 2B ENTES
(ODPDFRIT [F—MZIT [F 78 5 7R LY)

* Multiple star product ZF3 W\ CODPDTRIEY T 7 THBD KD
REREDT - 7 =il Uik,

(FDSBED—DOMGraph Golf CEZ WfcfcWied =57
Order=256, Degree=22, Diameter=2)



(2) ODPD /=80 D "7 7 J/k ik
(1) Cartesian product

Stepl. 727 G & HZRHE

g[0] h[O] h[3]

G: A H :

o[1] a[2] h[1] h[2]



(2) ODPD /=80 D "7 7 J/k ik
(1) Cartesian product

Step?2.
HOOE—% G DOEBEAICEL

h[O] h[3]

h[0] h[3]

h[1] h[2] h[1] h[2]



(2) ODPD /=D "5 7 fEhL A

(1) Cartesian product

Steps. )
GOAtE—% HDRIUZABDIELSD LICERS

h[O] h(3]

h[1] h[2] h[1] h[2]



(2) ODPD /=D "5 7 fEhL A

(1) Cartesian product

Steps. )
GOAtE—% HDRIUZABDIELSD LICERS

h[O] h(3]
s, (o




(2) ODPD /=80 D "7 7 J/k ik
(1) Cartesian product

Steps. )
GOAtE—% HDRIUZABDIELSD LICERS




(2) ODPD /=D "5 7 fEhL A

(1) Cartesian product

Steps. )
GOAtE—% HDRIUZABDIELSD LICERS

h[O] h(3]
s, .




(2) ODPD /=D "5 7 fEhL A

(1) Cartesian product

The cartesian product of G and H




(2) ODPD /=D "5 7 fEhL A

(2) Strong product

Stepl, 2, 3iFCartesian Product& [F U

h[O] h(3]
s, .




(2) ODPD /=D "5 7 fEhL A

(2) Strong product

Step4.
G Dil—A&R~+ HDI—AKTEmRSNTWBERRI LT ZF N




(2) ODPD /=D "5 7 fEhL A

(2) Strong product

Step4.
G Dil—A&R~+ HDI—AKTEmRSNTWBERRI LT ZF N




(2) ODPD /=D "5 7 fEhL A

(2) Strong product

The strong product of G and H




Graph G
order = Og

degree = dg
diameter = Dg

Cartesian product GO H

Graph H
order = O

h
degree = d,

diameter = Dh

order =0 _x O,
degree =d_+d,
diameter =D _+ D,

Strong product G X H

order = O,x0,
degree = (d +1)x(d,+1)-1
diameter = max(D , D, )



(2) ODPD /=D "5 7 fEhL A

Cartesian product ¥ Strong product TIE&H E D LW
Z 7 ED< N0

"GP HODOEEZZELUTHEITELETETLWRELWMS

_7'7— —z:\\

Multiple star product TH G *° H DEEZZREL (&
BIRADEMDEAZT YAV TES




(2) ODPD /=80 D "7 7 J/k ik
(3) Multiple star product

Stepl. 727 G & HZRHE

g[0] h[O] h[3]

G: A H:

o[1] 0[2] h[1] h[2]



(2) ODPD /=D "5 7 fEhL A

(3) Multiple star product

Step?2.
- GDHDAMZ FE R
- HOTERDEME ¢ =(9,, ..., ¢ ) 2HET S
g[0] h[O] h[3]
G: & H :
C D
o[1] a[2] h[1] h[2]

@1 (h[n]) = h[n+1 mod 4]
@2 (h[n]) = h[n-1 mod 4]



(2) ODPD /=D "5 7 fEhL A

(3) Multiple star product

Steps.
HOOE—% G DOEBEAICEL

h[O] h(3]
- (o

h[1] h[2]

h[1] h[2]

@1 (h[n]) = h[n+1 mod 4]
@2(h[n]) = h[n-1 mod 4]



(2) ODPD /=D "5 7 fEhL A

(3) Multiple star product

Step4.
GOHRAITHA> THDIERDEMICK LT DK Z i <

\

h[2]

h[O]

@1 (h[n]) = h[n+1 mod 4]
@2 (h[n]) = h[n-1 mod 4]



(2) ODP D 7=dd D "5 7 fi ki
(3) Multiple star product

Step4.
GORAITHR> THDIERDEMRICK LT b KEHZ#E <

h[1] | h[2]

@1 (h[n]) = h[n+1 mod 4]
@2(h[n]) = h[n-1 mod 4]



(2) ODPD /=80 D "7 7 J/k ik
(3) Multiple star product

Step4.
GORAITHR> THDIERDEMRICK LT b KEHZ#E <

h[2]

@1 (h[n]) = h[n+1 mod 4]
@2(h[n]) = h[n-1 mod 4]



(2) ODP D 7=d D "5 7kl 1

(3) Multiple star product

@1 (h[n]) = h[n+1 mod 4]
@2(h[n]) = h[n-1 mod 4]



‘Example C, =0 G, I 90, |

C, : k-complete graph 00)  (0.1)

. Vertex set = {0,1,....k—1}
- FEREEAINTIATHE
nTW\Wa

0,00 (0,1)

Multiple star

product I

(2,0) (2,2)
@ ((1,))
((0,1—j) (i = 0)
=<¢(2,j+1mod3) (i=1)

(1,j —1mod3) (i =2).




‘Example C, =0 G, I X

C, : k-complete graph 0,0) (0,1

. Vertex set = {0,1,....k—1}
- FEREEAINTIATHE

hZI\A
Order = 8k
Degree =k + 2
Diameter = 2 (if k = 2, Diameter = 3)
- C 4 7 Cartesian product
C, «@ G, [FODP D% Ordlor = 8K
Degree = k+ 2

- k=1,2,345DK, C «pG, D
Degreeld. [E U Order,DiameterZ
KB27U 27 DRTRN | Strong product

Order = 8k

:-: Degree = 4k-1

[ERAELTHRDHRNICIET Diameter = 2

Diameter = 3




!New solutions. C_ =y (C, ¢ G,) ‘

C_(m-complete graph) & C, «¢ G, DMultiple star product’e & %
B, & C o GOIRERZ k(i) LUK, LTOLSICER
((k,(0,0)) ((G,4) = (0,0)) ((k,(1,0)) ((3,5) = (0,0))
(k, (1,0)) ((,5) = (1,1)) (k,(0,0)) ((4,5) = (1,1))
. (k,(2,1) ((4) =(1,2) : ) )= (k,(0,1)) ((4,9) = (1,2))
Y (kD)= (%,(1,1)) ((,5) = (0,1)) Yok, (L)= (k,(1,2)) ((z’,j’) = (0,1))
(%,(2,2)) ((J) =(2,0)) (k,(2,0)) ((i,5) = (2,0))
(k,(1,2)) ((,7) =(2,1)) (k,(1,1) ((3,5) = (2,1))
((k,(2,0)) ((7) =(2,2)) (k,(2,2)) ((,4) = (2,2))
(%, (0,1)) ((3,4) = (0,0)) (k,(2,1)) (i) = (0,0))
(ka (150)) ((353) = (110)) (k,(0,0)) ((s,5) = (1,0))
(ka (25 1)) ((353) = (1:1)) (ks (03 1)) ((3:.?) = (1: 1))
cav_ ) (%,(0,0) ((4,5) = (1,2)) . (k,(1,0)) ((6,5) = (1,2))
W ((k(1.))= <(k, 2,2)) (G, 7) = (0,1)) W, ((k.(1.))= <(k,(2,0)) ((3,5) = (0,1))
(ka (152)) ((353) = (210)) (k, (13 1)) ((?'!.?) = (2: 0))
(k,(2,0)) ((3,5) = (2,1)) (k,(2,2)) ((5,5) = (2,1))
(K, (1,1))  ((5,4) = (2,2)) ((k,(1,2)) ((2,5) = (2,2))
4-multiple star
product



!New solutions. C_ . (C, ¢ G,) ‘

(m=4,k=8)
( Graph Golf 2015 <http://research.nii.ac.jp/graphgolf/2015/ranking.htm


http://research.nii.ac.jp/graphgolf/2015/ranking.html

!New solutions. C_ . (C, ¢ G,) ‘

Order = 8km
Degree =4m + k - 2
Diameter = 2

+ C_+YL (C, 0 G,) IFEICODPD#E

- Orderh’ B U2 5C_«yL (C, «0 G,) '.
DDegreeldC «p G, LUF

.

C, 0 G,& 0 HRAEN LRI E

2arch.nii.ac.jp/graphgolf/2015/ranking.htm



http://research.nii.ac.jp/graphgolf/2015/ranking.html

H-X
(1) The Order-Degree Problem (ODP)

(2) ODPD = DT T T HERE

(3) Summary



(3) Summary

* ODP & (3% Order & Maximum degree (X4 U
Diameter ' &/ 20 5 7%= BD T 5 HE

* ODPDf## % Productd % & LEE I DiameterD /N &

270855, ULhU—RIC

IXDiameter

B/\TIEHRWLD TODPDEE TIE R LY

« Multiple star productZz FiU\% & IEFE [CERP(C
H2E S N f=DiameterD/\NE WSS T # R T =
%, ILIEULRWEH o 2B DT 2EH D,

» Multiple star product F8\\ T #ERR{E D ODP D fi#

THBDT 77 C «Y(C,«pG,) &

ER U To,
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